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ABSTRACT
The g u id in g  c e n te r  p lasm a m odel i s  u sed  f o r  a  norm al mode 
a n a ly s is  o f  th e  humpy th e t a  p in c h . P re s su re  a n is o t r o p ie s  o f  any o rd e r 
in  6. (m easures th e  p e r io d  o f  th e  bum piness o f  th e  m agnetic  f i e l d  l in e s  
compared to  th e  r a d iu s  o f  th e  plasm a) and £  (m easures th e ^ a m p litu d e  o f  
th e  bum piness) a re  c o n s id e re d . I t  i s  shown t h a t  on ly  0( 6 , <5 ) p r e s ­
s u re  a n is o t ro p ie s  w i l l  a l t e r  th e  growth r a t e s  p re v io u s ly  p r e d ic te d  by 
th e  i d e a l  magnetohydrodynam ic model f o r  th e  m ost u n s ta b le  t r a n s v e r s e  
m odes. In  g e n e r a l ,  f o r  p re s s u re  a n iso tro p y  p r o f i l e s  t h a t  a re  m onotonic 
fu n c t io n s  o f  th e  p lasm a r a d i u s , th e  grow th r a t e s  o f  th e  most u n s ta b le  
t r a n s v e r s e  modes d e c re a se  i f  th e  p e rp e n d ic u la r  p re s s u re  (p re s su re  t r a n s ­
v e r s e  t o  th e  d i r e c t i o n  o f th e  m agnetic  f i e l d )  i s  s m a lle r  th a n  th e  
p a r a l l e l  p r e s s u r e , This can be q u a l i t a t i v e l y  u n d e rs to o d  from  th e  e f ­
f e c t s  o f  th e  p re s s u re  a n iso tro p y  on th e  e q u il ib r iu m  f i e l d s .
vi
PRESSURE ANISOTROPY EFFECTS ON THE STABILITY OF THE 
GUIDING CENTER MODEL OF THE BUMPY THETA PINCH
I. INTRODUCTION
D uring  th e  p a s t  20 y e a rs  th e r e  has been  an in te n s iv e  e f f o r t  
a ro u n d  th e  w orld  t o  ach iev e  .a c o n tro l le d  th e rm o n u c lea r r e a c t io n  f o r  th e  
p ro d u c tio n  o f  e l e c t r i c a l  pow er. T his e f f o r t  h as  ta k e n  v a r io u s  fo rm s, 
one o f which i s  th e  con ta inm en t of a  h ig h  energy  d eu te riu m  t r i t i u m  
p lasm a in  a  s u i t a b ly  shaped "m agnetic  b o t t l e " .
T h e o r e t ic a l ly ,  th e  problem  o f  m agnetic  con tainm ent o f  a p lasm a 
i s  q u i te  fo rm id a b le . F i r s t ,  i n  th e  p lasm a s t a t e  th e re  a re  a la r g e  num­
b e r  o f  tim e and le n g th  s c a le s  ( e .g .  Larmor ra d iu s  and. Debye le n g th ,  
p lasm a freq u en cy  and g y ro freq u en cy , A lfven  speed  and a c o u s tic  sp eed  
compared to  m acroscop ic  tim e and le n g th  s c a l e s ,  e t c . )  which can be th e  
same o rd e r o f  m agnitude and can  co m p lica te  ap p ro x im atio n  p ro ced u res  u sed  
in  m odeling he b e h a v io r  o f  th e  p lasm a. Second, f o r  th e  problem  o f  mag­
n e t i c  co n ta in m en t, one i s  fo rc e d  in to  u s in g  bounded m agnetic  f i e l d  con­
f ig u r a t i o n s  .
P re s e n te d  w ith  t h i s  co m p lex ity , we cannot hope to  c o n s t r u c t  
m a th em atica l models t h a t  embrace a  s u b s t a n t i a l  amount o f  th e  p h y s ic s  and 
a t  th e  same tim e in c o rp o ra te  n o n - t r i v i a l  g e o m e tr ie s . T h e re fo re , one ap­
p ro a c h  i s  t o  dev e lo p  m a th em atica lly  s im p le r  models t h a t  g iv e  u s e f u l  i n ­
fo rm a tio n  in  l im i te d  p a ram ete r ra n g e s . One such model i s  th e  p e r f e c t ly  
c o n d u c tin g  o r i d e a l  m agnetohydrodynam ic (MED) th e o r y ,  which has been  
e x te n s iv e ly  u sed  in  plasm a th e o ry .
2
3The t h e o r e t i c a l  j u s t i f i c a t i o n  f o r  th e  v a l i d i t y  o f  th e  MHD
model r e q u ir e s  th e  p re sen c e  o f  many c o l l i s i o n s  betw een th e  p a r t i c l e s
o f  th e  p lasm a. In  t h i s  c a se  th e  p a r t i c l e s '  v e lo c i ty  d i s t r i b u t i o n  i s
1
d r iv e n  tow ards an i s o t r o p ic  M axw ellian , and th e  p a r t i c l e s '  s p a t i a l
2
t r a j e c t o r i e s  a re  lo c a l iz e d .  The fo rm er i s  needed so  t h a t  th e  c o n te n t 
o f  a l l  th e  in fo rm a tio n  c o n ta in e d  in  th e  v e lo c i ty  d i s t r i b u t i o n  i s  e f ­
f e c t i v e l y  summarized by th e  f i r s t  few v e lo c i ty  moments o f  th e  d i s t r i b u ­
t i o n  f u n c t i o n . i t s e l f  ( e .g .  d e n s i ty ,  f l u i d  v e lo c i ty ,  and s c a la r  p r e s s u r e ) .  
The l a t t e r  i s  needed so t h a t  th e  p r o p e r t ie s  o f  a  group o f  p a r t i c l e s  com­
p o s in g  a  f l u i d  e lem ent depends on ly  on o th e r  f l u i d  e lem en ts  im m edia te ly  
su rro u n d in g  i t .
The id e a l  MHD model has d em o n stra ted  i t s  u t i l i t y  by p r e d ic t in g  
phenomena in  agreem ent w ith  many im p o r ta n t ex p e rim en ta l r e s u l t s  o f  th e
3
plasma fusion program, even though many of these experiments are not 
strictly in the MHD regime.
As plasm a con ta inm en t ex p erim en ts  a re  s c a le d  up in  m agnetic  
f i e l d ,  in  k in e t i c  e n e rg y , and in  p h y s ic a l  s i z e ,  th e  p lasm a p a ram ete rs  
w i l l  move even f u r th e r  away from  th e  c o ll is io n -d o m in a te d  MHD reg im e .
The id e a  o f  many c o l l i s i o n s  lo c a l i z in g  and i s o t r o p i c a l l y  th e rm a liz in g  
th e  p lasm a becomes le s s  v a l id  because th e  c o l l i s i o n  tim es  a re  lo n g e r  
th a n  or o f  th e  same o rd e r  as th e  con ta inm en t tim e s c a le  o f  th e  p lasm a, 
and because  o f  th e  h ig h ly  a n is o t ro p ic  n a tu re  o f  th e  m agnetic  f i e l d .
However, th e  s t r o n g  m agnetic  f i e l d  p e rm its  th e  rep lacem en t o f  
th e  m ic ro sco p ic  tim e and le n g th  s c a le s  o f  c o l l i s i o n  tim e  and mean f r e e  
p a th  w ith  th e  new p a ra m e te rs  o f  gyro  p e r io d  and Larmor r a d iu s  . U sing
kth e s e  new m ic ro sco p ic  tim e  and le n g th  s c a le s  a d i f f e r e n t  t h e o r e t i c a l  
m odel, known as th e  G uid ing  C en ter P lasm a (GCP) m odel, becomes app ro ­
p r i a t e .
The m agnetic  f i e l d  l o c a l i z e s  th e  p a r t i c l e  m otion in  th e  p la n e  
p e rp e n d ic u la r  t o  th e  f i e l d  { i . e .  th e  Larmor ra d iu s  i s  much s m a lle r  th a n  
th e  m acroscopic  le n g th  s c a le  o f  i n t e r e s t ) .  This l o c a l i z a t i o n  le a d s  t o  
a f l u i d  d e s c r ip t io n  much l i k e  th e  MHD d e s c r ip t i o n ,  where now th e  s t ro n g  
m agnetic  f i e l d  assumes th e  r o le  p re v io u s ly  p la y ed  by c o l l i s i o n s .  As 
th e r e  i s  no lo c a l i z a t i o n  a long  th e  f i e l d  l i n e s ,  i t  i s  n e c e s sa ry  to  use 
a m ic ro sco p ic  o r  k in e t i c  d e s c r ip t io n  in  t h i s  d i r e c t i o n .  In  e f f e c t ,  t h i s  
le a v e s  th e  p lasm a on ly  tw o - th i rd s  a  f l u i d  and th e  d i s p a r i t y  betw een th e  
m otion a long  and a c ro ss  th e  f i e l d  l i n e s  in tro d u c e s  an a n is o t r o p ic  te n s o r  
p re s s u re  in  p la c e  o f  th e  s c a la r  p re s s u re  o f  th e  MHD m odel.
Even w ith  th e  s im p l i f i c a t io n s  ach iev ed  w ith  e i t h e r  uhe MHD or 
th e  GCP m odel, th e y  s t i l l  y i e ld  a  s e t  o f  n o n lin e a r  p a r t i a l  d i f f e r e n t i a l  
e q u a tio n s  ( th e  GCP model a ls o  has i n t e g r a l  e q u a tio n s )  and v e ry  l i t t l e  
can be accom plished  a n a ly t i c a l l y  w ith  th e  f u l l  n o n l in e a r  p rob lem . Almost 
a l l  th e  work in  b o th  th e o r ie s  h as  been  t o  app ly  l i n e a r  s t a b i l i t y  a n a ly s is  
t o  s p e c i f i c  p ro b lem s, Most o f  th e s e  a n a ly se s  have u sed  a  v a r i a t i o n a l  
te c h n iq u e . More r e c e n t ly ,  norm al mode a n a ly s is  o f  th e  MHD e q u a tio n s  o f  
m otion has been  perform ed t o  f u r t h e r  u n d e rs ta n d  th e  s p e c t r a l  p r o p e r t ie s  
o f  th e  l i n e a r  system  o f e q u a t io n s .
So f a r ,  th e  GCP model h a s  n o t been  s tu d ie d  as e x te n s iv e ly  as 
th e  MHD model and i t  i s  o f  c u r r e n t  i n t e r e s t  t o  see  how th e  GCP a p p ro x i­
m ation  (which i s  in  a  more a p p ro p r ia te  p a ram ete r ran g e  f o r  l a r g e r  p lasm a
5con ta in m en t d e v ic e s )  changes th e  l i n e a r  s t a b i l i t y  r e s u l t s  a lre a d y  p re ­
d ic te d  by MHD. To t h i s  en d , we have a p p lie d  a  norm al mode a n a ly s is  
t o  a  d i f f u s e  p r o f i l e  bumpy t h e t a  p in c h  p lasm a u s in g  th e  GCP th e o ry .
The bumpy t h e t a  p in c h  geom etry c o n s id e re d  assumes t h a t  th e  
p lasm a i s  n e a r ly  c y l in d r i c a l  and two sm a ll p a ra m e te rs , € and 5 , a re  
in tro d u c e d  as a  m easure o f  th e  d e v ia t io n  from  t h i s  c y l in d r i c a l  sh ap e .
G i s  p ro p o r t io n a l  t o  th e  r e c i p r i c a l  o f  le n g th  o f  th e  bum piness and 
<5 i s  p ro p o r t io n a l  to  th e  am plitude  o f  th e  b u m p in ess ,
T here a re  b a s i c a l l y  two re a so n s  f o r  t h i s  c h o ic e . F i r s t ,  th e
bumpy t h e t a  p in c h  m agnetic  f i e l d  c o n f ig u r a t io n ,  though n o n t r i v i a l ,  i s  n o t
an e x c e p t io n a l ly  d i f f i c u l t  geom etry t o  a n a ly z e , : so  more a t t e n t io n
can be p a id  to  th e  d i f f e r e n c e s  in  th e  p h y s ic s  betw een th e  MHD model and
th e  GCP m odel. Second, th e r e  i s  a  r a t h e r  com plete s p e c t r a l  th e o ry  on
5 6 Tth e  MHD s t a b i l i t y  o f  th e  bumpy t h e t a  p in c h , u s in g  th e  MHD m odel, 9 9 
w ith  which t h i s  work can be compared.
To b e g in  t h i s  p rob lem , in  S e c tio n  I I  we d is c u s s  th e  GCP model 
in  g e n e r a l .  The s im p l i f i c a t io n  o f  t h i s  m odel, r e l a t i v e  to  a  f u l l  k in e t i c  
th e o ry ,  d e r iv e s  from  th e  p ro c e ss  o f  a v e rag in g  over th e  gyro m otion o f  
th e  p a r t i c l e s ,  r e p la c in g  t h e i r  a c tu a l  m otion w ith  t h a t  o f  p a r t i c l e s  con­
s t r a in e d  t o  move a lo n g  a  f i e l d  l i n e  ( i . e .  w ith  th e  p a r t i c l e s '  g u id in g  
c e n te r  m o tio n ) . The k in e t i c  e q u a tio n  f o r  m otion  a lo n g  th e  f i e l d  l in e s  
and th e  m acroscop ic  e q u a tio n s  fo r  m otion  a c ro ss  th e  f i e l d  l in e s  a re  p re ­
s e n te d , as w e l l  as th e  s e l f  c o n s is te n t  co n n ec tio n  betw een them . F u r th e r  
d e t a i l s  o f  th e  ap p ro x im atio n s  t h a t  go in to  the'G CP model a re  c o n ta in e d  
in  Appendix A.
6When we in tro d u c e  th e  e le c tro m a g n e tic  f i e l d s  in  th e  t e x t ,  we 
u se  an u n c o n v en tio n a l system  o f  u n i t s  t h a t  d isp e n se s  w ith  a l l  th e  con­
s ta n t s  t h a t  a re  n o rm a lly  a s s o c ia te d  w ith  M axw ell's  e q u a tio n s . To- 
tra n s fo rm  th e  m agnetic  f i e l d  B, th e  e l e c t r i c  f i e l d  E, and th e  c u r re n t  J
hack  i n t o  G aussian  CGS u n i t s ,  one re p la c e s  th e s e  f i e l d s  w ith  .== B,
Iw r
-y==T E , and @1 J  r e s p e c t iv e ly .
In  S e c tio n  I I I  we l i n e a r i z e  th e  GCP e q u a tio n s  in tro d u ce d , in  
S e c tio n  I I ,  and u se  th e  tim e in d ep en d en t e q u a tio n s  t o  d e r iv e  a  humpy 
t h e t a  p in c h  e q u il ib r iu m . In  th e  s im i la r  MHD e q u il ib r iu m , th e  d e n s i ty  
and s c a l a r  p re s s u re  r a d i a l  p r o f i l e s  need to  he  s p e c i f ie d  t o  so lv e  f o r  
th e  m agnetic  f i e l d  (s e e  Appendix B ), In  t h i s  s e c t io n  i t  i s  shown th a t  
f o r  th e  GCP model th e  d e n s i ty  and two p re s s u re  p r o f i l e s  ( th e  p r e s ­
su re s  p e rp e n d ic u la r  and p a r a l l e l  t o  th e  m agnetic  f i e l d )  a re  needed  t o  
d e te rm in e  th e  r e s t  o f  th e  e q u il ib r iu m  q u a n t i t i e s .  When th e  p re s s u re  
a n iso tro p y  i s  sm a ll ( i n  o rd e rs  o f  £  and & ) ,  i t  i s  shown t h a t  th e  GCP 
e q u il ib r iu m  r e v e r t s  hack  t o  th e  MHD e q u il ib r iu m .
S p e c i f ic a t io n  o f  th e  p re s s u re  a n iso tro p y  i s  co m p lica ted  by two 
l o c a l  s t a b i l i t y  c o n d itio n s  w hich a re  needed t o  make th e  GCP model w e ll  
posed . V io la t io n  o f  th e s e  l o c a l  s t a b i l i t y  c o n d itio n s  a re  i n t e r p r e te d  as 
th e  f i r e h o s e  and m ir ro r  i n s t a b i l i t y  b ecau se  o f  t h e i r  eq u iv a len c e  t o  
th re s h o ld  c r i t e r i a  f o r  i n s t a b i l i t i e s  in  an i n f i n i t e l y  homogeneous mag-
Q
n e t iz e d  p lasm a. In  th e  c o n te x t o f  th e  GCP m odel th e  f i r e h o s e  and 
m ir ro r  i n s t a b i l i t y  a re  c a l le d  "ex p o siv e  i n s t a b i l i t i e s " 1* s in c e  t h e i r  
grow th r a t e s  cannot be c a lc u la te d .  The GCP model on ly  p r e d ic t s  th e  
o n se t o f  th e s e  i n s t a b i l i t i e s  by re n d e r in g  th e  GCP e q u a tio n s  n o t w e ll  
posed . These c o n d itio n s  a re  f u r th e r  d is c u s s e d  in  A ppendix C.
7In  S e c tio n  IV we d e r iv e  o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  from  
th e  l i n e a r i z e d  s e t  o f  GCP e q u a t io n s ,  whose s o lu t io n  p e rm its  a  d e te rm in a ­
t i o n  o f  th e  s p e c t r a l  p r o p e r t ie s  o f  th e  sy stem . We c o n s id e r  o n ly  two 
c la s s e s  o f  d i s c r e t e  modes, th o s e  f o r  w hich th e  freq u en cy  to i s  0( 5 ^ )
and 0(&<5 ) .  T ran sv e rse  modes fo r  which Co i s  0{ 6 ° ,  a re  shown to
"be s t a b l e  due to  th e  l o c a l  s t a b i l i t y  c o n d itio n  p la c e d  on th e  p re s s u re  
a n is o t ro p y . T ran sv e rse  modes f o r  w hich Co i s  0(e  S ) a re  th e  le a d in g  
o rd e r  t r a n s v e r s e  u n s ta b le  modes o f  th e  sy stem . They a re  c h a r a c te r iz e d  
by in c o m p r e s s ib i l i ty  o f  th e  f l u i d  and th e  analogous MHD m o des,p lay  th e
3
dom inant r o le  in  th e  s t a b i l i t y  a n a ly s is  o f  e x p e r im e n ta l s y s te m s . I t  
i s  n o te d  t h a t  th e  same c r i t e r i o n  f o r  sm a ll p re s s u re  a n is o tro p y  which makes 
th e  GCP e q u il ib r iu m  r e v e r t  b ack  to  th e  MHD e q u il ib r iu m  a ls o  makes th e  
e q u a tio n s  f o r  th e  o j = ( £  S ) modes th e  same as th e  MHD modes.
In  S e c tio n  V, boundary  c o n d itio n s  a re  dev e lo p ed  f o r  th e  s e t  
o f  o rd in a ry  d i f f e r e n t i a l  e q u a tio n s  d e r iv e d  i n  S e c tio n  IV f o r  th e  
OJ = 0 ( 6 5  ) modes. These boundary  c o n d itio n s  a re  f o r  a  p lasm a th a t  
ex ten d s  to  a  p e r f e c t ly  c o n d u c tin g  w a l l  and a re  analogous t o  th o s e  f o r  a  
s im i la r  MHD a n a l y s i s . We th e n  p ic k  fo u r  p re s s u re  a n iso tro p y  p r o f i l e s  
w ith  d i f f e r e n t  g e n e ra l  c h a r a c t e r i s t i c s  t o  see  how th e  MHD grow th r a te s  
a re  m o d ified  by  th e  GCP th e o ry .
S e c tio n  VI p re s e n ts  th e  r e s u l t s  o f  th e s e  n u m e ric a l c a lc u la ­
t io n s  f o r  th e  most u n s ta b le  mode w ith  one az im u th a l node. In c re a s e d  
p e rp e n d ic u la r  p re s s u re  makes t h i s  mode more u n s ta b le ,  w hich can q u a l i ­
t a t i v e l y  be u n d e rs to o d  by c o n s id e r in g  how th e  e q u il ib r iu m  q u a n t i t i e s  a re  
a f f e c t e d .  F in a l l y ,  th e r e  i s  a  summary o f  th e  m ajor r e s u l t s  o f  t h i s  w ork.
I I .  THE GUIDING CENTER MODEL
The g u id in g  c e n te r  p lasm a model u ses  a one d im en sio n a l 
c o l l i s i o n l e s s  k in e t i c  e q u a tio n  to  d e s c r ib e  th e  m otion  o f  p a r t i c l e s  t h a t  
a re  c o n s tra in e d  t o  move on m agnetic  f i e l d  l i n e s .  The f i e l d  l in e s  them ­
s e lv e s  move a cc o rd in g  t o  a  s e t  o f  f l u i d  e q u a tio n s  in c o rp o ra t in g  an 
a n is o t ro p ic  p re s s u re  te n s o r  t h a t  i s  c o n s i s te n t  ■with th e  k in e t i c  th e o ry .
In  A ppendix A i t  i s  shown t h a t  f o r  such a  k i n e t i c  th e o ry ,  th e  
d i s t r i b u t i o n  fu n c tio n s  ±“s (sc, v , jx  , t )  (where s  la b e l s  th e  p a r t i c l e  
s p e c ie s ,  v  th e  p a r t i c l e  v e lo c i ty  a lo n g  th e  f i e l d  l i n e ,  and jx. th e  mag­
n e t i c  moment p e r  u n i t  m ass) obey th e  one d im en sio n a l k in e t i c  e q u a tio n s :
f  * ( u ^ ) . V f s + [ ( U.! f ) v t ( ^ V ) ( i u V 8 ) ^ E „ ] | S  = 0  <D
In  t h i s  e q u a tio n  u i s  th e  v e lo c i ty  o f  th e  f i e l d  l i n e  p e rp e n d ic u la r  t o  
i t s e l f  ( th e  ExE d r i f t ) ,  p i s  th e  u n i t  ta n g e n t  to  th e  f i e l d  l i n e ,
A  A 6
£=  p-V p  i s  th e  c u rv a tu re  v e c to r  o f  th e  f i e l d  l i n e ,  and —  E (| r e p -
ms
r e s e n ts  th e  component o f  th e  e l e c t r i c  fo rc e  p e r  u n i t  mass a lo n g  th e  
f i e l d ; l i n e . ,
The n o rm a liz a tio n  o f  f g i s  such t h a t  th e  v a r io u s  p h y s ic a l  
q u a n t i t i e s  o f  i n t e r e s t  a re  d e f in e d  a s ;
r p . r . w ^ p J = i B H / ‘ D .v . s !>, t v >( v . w ) V B ] f s ( 2 )
where p  i s  th e  mass d e n s i ty ,  w th e  f l u i d  v e lo c i ty ,  q th e  charge d e n s i ty ,
8
9and j  th e  c u r r e n t  d e n s i ty  , a l l  p a ra m e te r iz e d  "by t h e i r  p o s i t io n  a lo n g  a  
g iven  f i e l d  l i n e .  Pj_ and P/y a re  th e  p re s s u re s  p e rp e n d ic u la r  and 
p a r a l l e l  t o  th e  f i e l d  l i n e s .
The f l u i d  e q u a tio n s  t h a t  govern  th e  m o tio n -o f th e  f i e l d  l in e s
a r e :
( i - ^ ) - | [ ^ +(u+^ ) v ] ( y - f w p ) * v n ' |  = ( v * b ) * b  (3)
5 F  = V x ( u * B )  w
V - 8  -  0  (5.)
w here th e  p re s s u re  te n s o r  TT i s  d e f in e d  a s :
s  B 1 ?  + B 8  { l - < r )  5 +
For c o n s is te n c y  and t o  com plete th e  system  o f  e q u a tio n s  ( l )  
th ro u g h  ( 5 ) ,  one demands c u r re n t  and charge n e u t r a l i t y  a lo n g  th e  f i e l d  
l i n e :
3 0  (6a)
J, = 0  (6b)
I f  one ta k e s  th e  v e lo c i ty  moments o f  th e  k in e t i c  e q u a tio n  in
o rd e r  t o  o b ta in  m acroscopic  e q u a tio n s  fo r  charge and c u r r e n t  c o n t in u i ty ,
th e  c o n s t r a in t s ,  Eq. ( 6 ) ,  y ie ld  th e  r e s u l t  t h a t  th e  p a r a l l e l  e l e c t r i c
esfo rc e  p e r  u n i t  m ass, —  E (| , i s  b a la n c e d  by a  com bination  o f  th e  g ra -
s
d ie n ts  o f  th e  p a r t i a l  p re s s u re s  o f  th e  charged  p a r t i c l e  s p e c ie s ,  i . e . :
10
1 ^ ,1  -  «-sT  = <xs p  { Z 1 [ s g n C e t)  (T)
where »  =  |S  (V  1^*11 ”10ts ms|Z-. wt .J
The v e lo c i ty  moments o f  th e  k in e t i c  e q u a tio n  t h a t  d e sc r ib e  
mass and momentum c o n se rv a tio n  can  be  combined to  g iv e :
P P '  [ [ ^ + ^ f w p ) ' ^ ] ( y + w p ) + = o  (8)
which can be added t o  Eq. (3) t o  form  th e  more u s u a l  momentum c o n se r­
v a tio n  e q u a tio n  w ith  a n is o t ro p ic  p r e s s u r e .  T his e x p l i c i t l y  shows t h a t  
th e  component o f  th e  momentum e q u a tio n  t h a t  i s  p a r a l l e l  t o  B i s  a c tu a l ly  
c o n ta in ed  in  th e  k i n e t i c  e q u a tio n  i t s e l f .
I I I .  BUMPY THETA PINCH EQUILIBRIUM
We now s p e c ia l i z e  th e  g u id in g  c e n te r  p lasm a e q u a tio n s  t o  
d e s c r ib e  a  plasm a whose charged  p a r t i c l e s  a re  c o n s tra in e d  to  move on 
th e  f i e l d  l in e s  o f  a  humpy t h e t a  p in c h . The e q u il ib r iu m  e q u a tio n s  ob­
ta in e d  from  th e  p re v io u s  s e c t io n  by s e t t i n g  iL  , u , and w e q u a l to  
zero  a r e :
. p (o )
= 0  (9)
[ V -  p®’( V)] [ P / 'M  (B,0))Z] = (8(“’) V oy ° ' (10)
V • Bw> * 0  (ii)
where th e  s u p e r s c r ip t  s ta n d s  f o r  e q u il ib r iu m  q u a n t i t i e s  and w i l l  be
dropped u n le s s  needed t o  av o id  c o n fu s io n .
From Eq. ( l l )  and a x i a l  symmetry we can in tro d u c e  a  f lu x  fu n c ­
t io n  t h a t  has th e  p r o p e r t i e s  in  c y l i n d r i c a l  c o o rd in a te s :
r  d r  "
- B r' r  d z
We choose a  f lu x  fu n c tio n  o f  a  p a r t i c u l a r  form  t h a t  w i l l  y i e ld  
a  m agnetic  f i e l d  h a v in g  th e  geom etry o f  a  bumpy t h e t a  p in c h . Such a  f lu x  
fu n c tio n  i s :
11
12
f ( r i z )  = %(r)  + ( J ^ M c o s  62 (12)
T h is in tro d u c e s  th e  sm a ll expansion  p a ra m e te rs  € and <5 where we assume 
£ «  <S . 6 m easures th e  p e r io d  o f  th e  bum piness compared t o  th e
ra d iu s  o f  th e  p lasm a and & i s  r e l a t e d  t o  th e  am p litu d e  o f  th e  b u m p in ess . 
I t  i s  e a s i l y  d em o n stra ted  (se e  A ppendix B) t h a t  th e  B f i e l d  l i n e s  l i e  on 
s u r fa c e s  o f  c o n s ta n t ^  . F ig u re  1 d e p ic ts  th e  bumpy t h e t a  p in c h  mag­
n e t i c  f i e l d  and th e  s u r fa c e s  o f  c o n s ta n t. .
2irr0
surfaces of 
constant f lux (i^)
F ig . 1 : F lu x  s u r fa c e s  f o r  th e  Bumpy T h e ta  P in ch
From Eq.. (12) th e  form  fo r  th e  m agnetic  f i e l d  i s  th e n :
Br  -  e<5 b ( r ) s i n e 2  ( 13a)
S t  “ a ( r )  + <5c(r)COS£-2 (13b)
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where we have th e  r e l a t i o n :
( r c )  = (rbV (iU)
The prim e d en o tes  d i f f e r e n t i a t i o n  w ith  r e s p e c t  t o  r .  Two more q u a n t i­
t i e s  o f  i n t e r e s t  in  Eq. (10) whose form i s  e a s i l y  c a lc u la te d  from  
Eq. (13) a re :
( 3 ^ =  ( e S ^ s w e ^  0 > l )  ( 1 5 )
e’ls[|[cosei-v|(|y}iO )oll + O(eV) (l6}
In tro d u c in g  th e  same form  fo r  Pj_ ( r , z )  as  we have f o r  th e  
f lu x  f u n c t io n ,  Eq, (1 2 ) ,  nam ely:
= P ° ° (r )  + CosGZ (17 )
we can s u b s t i t u t e  E q s , (1 3 ) ,  (1 5 ) ,  ( l 6 ) ,  and (17) i n t o  Eq. (10) and
group th e  r e s u l t i n g  e x p re s s io n  by  o rd e rs  o f  €  and <S • To th e  le a d in g
two o rd e rs  in  <5 we h a v e :
+ & (?i0,+ a c ) o o s e i ]  = 0 ( & )  (1 8 )
I n te g r a t in g  w ith  r e s p e c t  to  r  th e  g e n e ra l  form  o f  th e  r e s u l t  i s :
[  ( ^ 00+ io -1)  + S (fj_°+ac) cose= i] = oovvst + F(eW ) + ez G ( 1 9 )
■lU
In  o rd e r  t o  compare t h i s  t o  th e  MHD e q u il ib r iu m  we choose
0005+: + F (g h )  S c o s e z  (2 0 )
1 2which r e p r e s e n ts  th e  n o rm a lized  v a lu e  o f  ^  B (s e e  Appendix B) a t  th e  
s u r fa c e  o f  th e  p lasm a. E q u a tio n  (19) th e n  g iv e s  us two more e q u il ib r iu m  
r e l a t i o n s :
0 ( 4“) :  ] ( 21)
0 ( 5 ) :  F^ °' + ac. = 1 (22)
Now we in v e s t ig a te  th e  in fo rm a tio n  c o n ta in e d  i n  th e  e q u i l i b ­
rium  k i n e t i c  e q u a tio n , Eq. (1 9 ) . The f i r s t  r e s u l t  i s  to  n o te  t h a t  a  
g e n e ra l  fu n c t io n a l  form  o f  th e  s o lu t io n  o f  th e  d i s t r i b u t i o n  fu n c tio n  
in  E q. (9 ) i s :
= (2 3 )
w h ere : E s = ^ VZ + ^ B  + Qis ^
and (j) i s  th e  e l e c t r i c  p o t e n t i a l  d e f in e d  b y :
^ s T  *
That Eq. (23) i s  a - s o lu t io n  can be  seen  by d i r e c t  s u b s t i t u t i o n  in to  
Eq. (9 ) .  In  th e  fo llo w in g  c a lc u la t io n  we. w i l l  c o n s id e r  o n ly  e q u i l ib ­
rium  d i s t r i b u t i o n  fu n c tio n s  t h a t  a re  monotone d e c re a s in g  i n  th e  v a r ia b le
9E . T h is in s u re s  t h a t  th e  GCP e q u a tio n s  a re  fo rm a lly  s e l f - a d j o i n t .
On th e  a p p l ic a t io n  o f  th e  o p e ra to r  d/A d v  "y to
Eq. (9 ) we f i n d ■t h a t :
« ST  = 0
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becau se  o f  th e  charge n e u t r a l i t y  c o n s t r a in t ,  Eq.. ( 6 ) .  Thus a t  most th e  
e l e c t r i c  p o t e n t i a l '  <f> i s  a  c o n s ta n t .
The p a ram ete r jx  in  th e  f u n c t io n a l  form o f  th e  d i s t r i b u t i o n  
fu n c t io n ,  Eq.. (2 3 ) , i s  r e s p o n s ib le  f o r  th e  p re s s u re  a n is o tro p y . This 
can r e a d i ly  be  seen  by c o n s id e r in g  a  d i s t r i b u t i o n  fu n c tio n  th a t  has 
weak dependence on j x  , i . e , :
fs '  f s ( E s , t )  + 0 ( e ’’) s . n S l
Then i t  i s  easy  t o  show by a  change o f  in te g r a t io n  -v a ria b le s  in  Eq. (2 ) 
t h a t :
P® *0 (er) = Z  +0(e") (24)
In  Eq. (2U) i t  i s  i n s t r u c t i v e  to  n o te  t h a t  f o r  such weak p re s s u re  a n i­
s o t r o p ie s  i s  a  fu n c tio n  o f  o n ly . Thus F j_^  and P j_ ^  in  Eq, (1 7 )
a re  n o t in d ep en d en t f u n c t io n s .  In  f a c t  s in c e  we have:
Cp v)i=(+) = ^  p v f  = 0  (2 5 )
A
becau se  th e  g ra d ie n t  o f  i s  p e rp e n d ic u la r  t o  ^ , we can w r ite  
Eq.. (25) in  term s o f  e q u il ib r iu m  q u a n t i t i e s  t o  o b ta in :
( { 3 * V ) F = [ a ( ( i 00) -  F^ 0']  e<5sm e t  = 0  (2 6 )
U sing Eq. (21) t o  c a lc u la t e  (P jJ^ )  one can show from Eq. (2 6 ) t h a t :
f£01 “ - a ' b  (27)
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E q u a tio n s  ( lU ) , (2 1 ) ,  (2 2 ) , (2U ), and (27) com plete th e  d e r i ­
v a tio n  o f  th e  e q u il ib r iu m  q u a n t i t i e s  f o r  weak p re s s u re  a n is o t ro p ie s  up 
t o  0 (e  ) .  Given P ^ f r ) ,  one can de term in e  a ( r ) ,  b ( r ) ,  c ( r ) ,  and P j . ^ ( r )  
in  e x a c t ly  th e  same way th e  MHD e q u il ib r iu m  i s  d e te rm in ed  in  A ppendix B, 
From E q. (2U) P / /° ^  eq u a ls  P j . ^  up t o  0{ €h) which e s s e n t i a l l y  r e v e r t s  
th e  e q u il ib r iu m  p re s s u re  te n s o r  back  to  a  s c a la r  p r e s s u r e .  Thus th e  
n e t  e f f e c t  o f  0( e n ) ,  n i  1 , p re s s u re  a n iso tro p y  i s  t o  re g a in  an MHD 
e q u ilib r iu m .
To o b ta in  an e q u i l ib r iu m  d i f f e r e n t  from  MHD one needs f i n i t e  
p re s s u re  a n is o t r o p ie s .  A g e n e ra l  c la s s  o f  d i s t r i b u t i o n  fu n c tio n s  t h a t  
have t h i s  p ro p e r ty ,  and w hich we w i l l  u s e , a re  o f  th e  form :
f s = •fs ( E s *V/ s ' r t  (2 8 )
where if i s  an a r b i t r a r y  fu n c t io n  t h a t  hs to  be d e te rm in e d . T his c la s s  
o f  d i s t r i b u t i o n  fu n c tio n s  c o n ta in s ,  fo r  exam ple, th e  two te m p e ra tu re  
M axw ellian . On s u b s t i t u t i n g  Eq. (28) in to  th e  e q u il ib r iu m  k in e t i c  
e q u a tio n , Eq. (9 ) ,  we co n c lu d e :
i-- W )  = + j  !r, <r) c o s «
and i t  fo llo w s  from  ( p  • 7  ) ‘f ' = 0  t h a t :
a * ,  =
Wow, ( |J * V )P X^0  ^ 4- 0 s in c e  P j _ ^  i s  no lo n g e r  a  fu n c tio n  o f  
^  o n ly , due to  X in  E q. (2 8 ) . N e v e r th e le s s , ( (3 • V )P ^  can s t i l l  
be  c a lc u la te d  by ta k in g  th e  p ro p e r  moment o f  th e  k i n e t i c  e q u a tio n  and 
Px°^  can be de term in ed  from  Pj_00 i n  much th e  same way as in  Eq. (2 6 ) .
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In tro d u c in g  th e  n o ta t io n :
= R(r) + cS Q M cqsgz
th e  e q u il ib r iu m  r e l a t i o n s  can be w r i t t e n  i n  th e  fo llo w in g  form :
P ° °  * ^ 0 ?  = i  (29a)
I  q^ ° ~ R ' ' a ' b ] + a c  = 1 (29b)
r c  = (rb) (29c)
* [  i + P Sr’* ) <29 d >
[A * b j .]  R = ■ a<? - 2 A ( - ^ j )  (J°° (29.)
w h ere : A  s
K0 
a'b - ac
E q u a tio n s  (2 9 a ) ,  (2 9 b ) , and (2 9 c) a re  i d e n t i c a l  to  th e  MHD 
r e s u l t  w ith  th e  s u b s t i t u t io n  o f  a new P ^ 1 . E q u a tio n  (29d) comes from  
changing  v a r ia b le s  o f  in te g r a t io n  in  th e  moment d e f in i t i o n s  o f  Pj_ and 
P|, as was done in  Eq. (2*0 . E quation  (2 9 e) i s  th e  in fo rm a tio n  c o n ta in e d
A
in  ( p * 7  )P„ w hich can a ls o  be  c a lc u la te d  from th e  p ro p e r  moment o f  th e  
k i n e t i c  e q u a tio n , Eq. ( 9 ) .  I n  essen ce  th e s e  two added e q u a tio n s  a re  
needed t o  c a lc u la te  P (( ^  and K . The s e t  o f  e q u a t io n s , E q s . (2 9 ) ,  d e ­
te rm in e  th e  e q u il ib r iu m  i f  P x ^  and P (j a re  g iv e n .
I t  tu rn s  ou t to  be more co n v en ien t to  s p e c i fy  P x ^  and R =
P .^ °  -  P., 0<^  f o r  th e  g iv en  in fo rm a tio n . R , th e  z e ro  o rd e r  p re s s u re
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a n iso tro p y  h as  t o  be  chosen so a s  n o t to  v io l a t e  th e  two i n e q u a l i t i e s :
<5^  > O  hncj B a +2f^  t B ^ j d / u d v  ^  ^  > 0
V io la t io n  o f  th e  fo rm er i s  i n t e r p r e t e d  as th e  f i r e h o s e  i n s t a b i l i t y  and 
th e  l a t e r  as th e  m ir ro r  i n s t a b i l i t y .  Both a re  needed t o  make th e  GCP 
eq u a tio n s  w e l l  posed  (se e  Appendix C ). These in e q u a l i t i e s -  in  term s o f  
th e  e q u il ib r iu m  p a ra m e te rs  become :
- a 1 < R < o?-P°0
F i n a l l y ,  we d is c u s s  th e  s p e c ia l  c a s e , R = 0 .  From Eq. (29d) 
we th e n  deduce Y  = 0 , I f  Y^ = 0 th e n  in  Eq. (2 9&) we see  t h a t  
Q = 0 . E q u a tio n  (29b) red u ces  t o  th e  MED r e s u l t  and we a re  back  t o  th e  
s e t  o f  e q u a tio n s  t h a t  d e s c r ib e  th e  MHD e q u ilib r iu m . Thus on ly  f i n i t e  
p re s s u re  a n is o t ro p y  (R ^ 0 ) w i l l  make th e  GCP e q u il ib r iu m  d i f f e r e n t  from
th e  MHD e q u i l ib r iu m .
IV . STABILITY OT THE TRANSVERSE MODES
A. TRANSVERSE MODES WITH to = o(l)
We now p ro ceed  w ith  a  l i n e a r  s t a b i l i t y  a n a ly s is  o f  th e  GCP 
norm al modes w ith  tim e  dependence exp ( i w t ) .  To f i r s t  o rd e r in  th e  
p e r tu r b a t io n  th e  e q u a tio n s  can be w r i t t e n  as
(idj + v p v ) f sm + (u + v p a>) - V ^ - / i ( f v ) B H  + (31)
io3p0u  + [V - £ (p -V )](£ a V B <A- ((3-V) + p((S<4N-v ] ( fM B * )  = [B V k] (^  (32)
icDB(0 = V * ( u x B )  (33)
where u  and q u a n t i t i e s  w ith  s u p e r s c r ip t  a re  f i r s t  o rd e r q u a n t i t i e s .  
The s u p e r s c r ip t  has b een  dropped from a l l  e q u il ib r iu m  q u a n t i t i e s .
The m acroscop ic  e q u a tio n  a lo n g  th e  f i e l d  l i n e ,  Eq. ( 8 ) ,  has been  o m itted  
b ecau se  th e  s c a l in g  o f  th e  e q u il ib r iu m  q u a n t i t i e s  a re  such  t h a t  t h i s  
e q u a tio n  w i l l  n o t c o n tr ib u te  t o  th e  t r a n s v e r s e  modes.
' The f i r s t  c la s s  o f  modes we c o n s id e r  have fre q u e n c ie s  
to  = 0( e 0 5 ° ) .  A c o n s is te n t  s c a l in g  t o  CO = 0( 6 ^ 5 ^ )  i s  t o  c o n s id e r  
f i r s t  o rd e r  q u a n t i t i e s  n o t t o  be  s c a le d  in  B7L . T hat i s  we l e t  f i r s t  
o rd e r  q u a n t i t i e s  v a ry  as f ( r )* e x p  ( i u j t  + im© + ik z )  and we c o n s id e r
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o n ly  th e  0 ( € ° )  p a r t  o f  E q s . (3 1 ) , (32) ,  and (3 3 ) . Due t o  th e  s c a l in g  
o f  th e  ze ro  o rd e r q u a n t i t i e s  th e s e  a r e :
(iio*ilcv)fs(1'+ (y * v p “' ) y f s + = 0  (3it)
iwpu+(V-£k)(f*l'+ B “' B )  = B „ V k (i1 (35)
;<oB<1' = -[B ,(V y)  + (y -v )B j]  h + ikBjU (36)
R e c a ll in g  th e  d e f i n i t i o n  o f  {3 and K we have from Eq. ( 3 6 ) :
f t *  = £ «
k “ ' =  I ' d
[(p-v)B]“’ = - s B . f V - u )
U sing th e s e  i d e n t i t i e s ,  Eq. (3*0 can "be r e w r i t t e n :
ik ( V .  £ ) f / V v *  £ )  £  (y -  v )  V  f  (V- | 5  = o  (37)
F i r s t  we o p e ra te  on Eq. (37) w ith  th e  o p e ra to r  (d u d v ,—
s J '  (v+ T<)
and use  th e  c o n s t r a in t  o f  charge  n e u t r a l i t y ,  Eq. ( 6 a ) ,  t o  o b ta in :.
T  -  W^ ( v u )  Z o £ ; r i ( g )
9
w h ere : I *-,(*) 5 (v^¥T §
We now have an e x p re s s io n  f o r  th e  p e r tu rb e d  d i s t r i b u t i o n  fu n c tio n  in
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te rm s o f  th e  e q u i l ib r iu m  q u a n t i t i e s ,  t h a t  i s  we can r e w r i te  Eq. (37) 
t o  r e a d :
■ - ( ,  » ) » .  •  < * ,
Now we p ro c e e d  t o  Eq, (3 5 ) .  We u se  th e  p e r tu rb e d  d i s t r i b u ­
t i o n  f u n c t io n  Eq. (38) t o  c a l c u l a t e  th e  p e r tu rb e d  p e rp e n d ic u la r  p r e s s u r e ,  




M u lt ip ly in g  Eq. (35) by ( - i w )  and  s u b s t i t u t i n g  in  Eq. (39) we o b ta in  
an o rd in a ry  d i f f e r e n t i a l  e q u a tio n  f o r  u ,  nam ely :
( p c ^ - o V B j u  -  ( 7 - i k )  j  (V- a )  [ s ' t ) ]  j  = O
T his e q u a tio n  can e a s i l y  be  tra n s fo rm e d  i n to  a  d i f f e r e n t i a l  e q u a tio n  f o r
2 2 2(V  *u) d iv id in g  by  ( - f k  B z ) and ta k in g  th e  d iv e rg e n c e  w hich
g iv e s ;
7 . (7 - ^ [ ( V . u ) ( 8 N 2^ ( ^ ) ] j  +  ( v  u )  __ 0  (1(0)
( (yto -  k ) )
S in ce  th e  GCP e q u a tio n s  a re  fo rm a lly  s e l f - a d j o i n t ,  we know 
th a t  i n s t a b i l i t i e s  o ccu r o n ly  when R e [ to ^  = 0 .  I t  i s  th e n  re a s o n a b le
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t o  ex p ec t t h a t  th e r e  a re  no u n s ta b le  s o lu t io n s  t o  Eq.. (1+0) when:
[B j2 + 2 l i  + B jM ( f r V )  > 0  (M )
s in c e  t h i s  would ex c lu d e  o s c i l l a t o r y  s o lu t io n s  in  a  l o c a l  mode a n a ly s is  
o f  E q . (1+0).
I n e q u a l i ty  (l+l) i s  in  f a c t  th e  l o c a l  s t a b i l i t y  c o n d itio n  t o  
in s u re  th e  m ir ro r  i n s t a b i l i t y  w i l l  n o t e x i s t  (s e e  A ppendix C) and we 
conclude t h a t  th e  to = 0 ( 6 ^ i ^ )  modes a re  s t a b l e .
B, TRANSVERSE MODES WITH CO = 0 ( € &  )
We ag a in  do a  l i n e a r  s t a b i l i t y  a n a ly s i s ,  b u t  t h i s  tim e  we l e t  
th e  p e r tu rb e d  q u a n t i t i e s  v a ry  as exp ( i t o t )  w ith  tD = 0( £<$ ) . By 
s c a l in g  c o n s id e ra t io n s  o f  th e  ze ro  o rd e r  q u a n t i t i e s  in  th e  f i r s t  o rd e r  
e q u a tio n s , Eq. (3 1 ) ,  (3 2 ) , and ( 3 3 ) i‘ n o n - t r i v i a l  modes e x i s t  f o r  p e r ­
tu r b a t io n s  t h a t  a re  fu n c tio n s  o f  6 z . T h is le a d s  t o  p e r tu r b a t io n s  t h a t
have th e  form:
U,. = i6<JelA[ u ° ( r )  + < S U r ( r )c o s e Z + - ' ]  (l+2a)
u Q -  e (S e lA[ u g M + < S u g ( r )c o s e 2  + -*-] ( i+2b )
Uji ~ 0 ( e ^ 6 z )  s in c e  y * B a O  (*+2 c)
f s(i^= <5 COS 6 2  + •■* ]  (1+3)
T frt* G<SelA[ iT0(r)+ T ;(r)sin 6 2 ] (1*1*)
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w here: (A = + ivn© + ifi5j?Z , ®he s c a l in g  f o r  u> has now heen  made
e x p l i c i t .  From Eq.. (33) we can th en  o b ta in  th e  in fo rm a tio n :
|S?‘ . | ? s i [ f u ?  + ? ( ! ! ) s i r > « ]  + 0 ( e ? )  (1.5a)
l3 " ' = :^ 6<5f !eua <- ( a ,' ) s ' " “ ]  + 0 ( e ? )  ^
j } f =  0 ( e 3)  (k5o)
K r =  oT ( ^ [ ^ ( l : ' ) C oS e2 ] t e I i l [-i!2u f t a ( ^ i ) ' y ] ] +0 ( o ’41oo s2 6 i) (1.6a)
K r i l r l e ^ [ ( r ) M S e j ] + e ^ 2 [ - ^ S t a ( ^ bi i ) ( l ) ] ^ 0 ( ^ !cos261) (l,6 b )
K ? *  0 ( e 5)  ( 1.6 0 )
[< P '7 )b ] ( '  = f jy  eS|l?QDo- [ (A * b (^ ;)D 0 +aD l +A 'u°] s inezj (1*7)
w here ; LJ, = ^  (A u ?-au ;) -  bug (l|8a)
“ cug -  (buJV + aug (148b)
r \  - l  A  »~u0»‘ -  ll21 i i ° ' ' n n \
*^o,i " r ^ r  U r r  9 (**9)
Dq and a re  th e  0 ( and 0 ( 5 )  v e lo c i ty  d iv e rg e n ce  p e rp e n d ic u la r
2k
t o  th e  B f i e l d  and a re  o f  im p o rtan ce  f o r  t h i s  mode, y^ and y^ a re  d e ­
f i n e d  in  su ch  a  way as  t o  h e  c o n v en ie n t l a t e r  in  th e  c a l c u l a t i o n .
The r e l a t i o n s ,  E q s, ( ^ 5 ) ,  (*t6 ) ,  and (U7 ) ,  a re  now in s e r t e d  
i n t o  th e  f i r s t  o rd e r  k i n e t i c  e q u a t io n ,  E q, (3 1 ) .  The k i n e t i c  e q u a tio n
n e u t r a l i t y  a lo n g  th e  B f i e l d ,  Eq. (6 ) ,  w ere u sed  t o  c a lc u la t e  TQ( r )  and 
T ^ r )  j u s t  a s  in  th e  60 = 0 ( l )  c a se  ( s e e  p a ra g ra p h  fo llo w in g  Eq. ( 3 7 ) ) .  
As a  r e s u l t  o f  th e s e  c o n s t r a in t s  and th e  form o f  th e  d i s t r i b u t i o n  fu n c ­
t i o n s ,  Eq. ( 2 8 ) ,  T ^ ( r )  = 0 .
By u s in g  Eq. ( 5 0 ) and (51) in  th e  d e f i n i t i o n  f o r  th e  p e r tu rb e d  
p e rp e n d ic u la r  p r e s s u r e ,  t h i s  can b e  shown t o  e q u a l :
can th e n  be  grouped  i n t o  a  p a r t  m u l t ip l i e d  by  ( G& ) and a n o th e r  p a r t
m u l t ip l ie d  by  ( e 5 s i n  6 z ) .  These two p a r t s  can be  u sed  t o  s o lv e  f o r
g° and g \  th e  p e r tu rb e d  d i s t r i b u t i o n  f u n c t io n .  The r e s u l t s  a r e :  s  s
( 5 0 )
w here: n^ = some n o n -z e ro  l i n e a r  o p e ra to r  on
In  th e s e  e q u a tio n s  th e  c o n s t r a in t s  o f  ch arg e  and c u r r e n t
(52)
M o 4 D , ( a 2 + 2 ii00+ a 3 M (o )]5 c o S € i | +0(<S*)
w h e re : n^ = some n o n -z e ro  l i n e a r  o p e ra to r  on DQ
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We w i l l  now p ro c e ed  t o  show, u s in g  Eq.. ( 3 2 ) ,  t h a t  = 0 so  we w i l l  n o t 
e x p l i c i t l y  n eed  t o  c a l c u l a t e  n.^ and n ^ .
A f ] )
U sing Eq.. (19) and th e  o rd e r in g  o f  (3 , Eq. (1+5), th e  th i r d -
te rm  in  Eq, (32) i s  r e a d i l y  c a l c u l a t e d ;
[ ^ l)(p  V) + p (p m-V)](H+iB a) » pcl>e5cosez + 0 ( e 5)
A lso  from  th e  d e f i n i t i o n s  o f  u ,  Eq. (3 8 ) ,  and K ^  and K E qs.
(1 6 ) and ( t 6 ) , we see  t h a t  ie<Sjp£D u ,  j< and K a l l  a re  a t
l e a s t  0( € ) .  T hus, th e  o n ly  re m a in in g  te rm  i n  E q. (32) a l s o  h a s  t o  
“be 0( €.2 ) , i  . e .
- 0( e 1) (53)
We r e c a l l  t h a t  th e  o p e r a to r :
[ \7 - p ( p V > ]  = r ( | . 0 ( e « a4  + z O ( e ' ) &
w hich im p lie s  in  Eq. (53 ) t h a t
[T J(1^  + ~ c o m i  + + e*cj(*■,©,€*) (5*+)
I f  m ^ 0 ,  th e n  we know th e  r i g h t  hand s id e  o f  Eq. ( 5I+) i s  m u l t ip l i e d  "by 
a  fu n c tio n  o f  © , nam ely exp ( i m e ) .  F o r t h i s  t o  be  so  we m ust h av e :
covish +■ f ( e z )  = O iP 0  (55)
The mode w ith  m = 0 i s  a  s p e c i a l  c a se  and i s  n o t t r e a t e d  h e r e , ^  I f  we 
s u b s t i t u t e  E q. (52) i n t o  Eq, ( 5 I+) and u se  Eq. (5 5 ) we have th e  r e s u l t :
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0 ( 4 ° )  : D0 [ a 4 +■ 255.°°+ a ? M ( y ) ]  -  0  (56)
D ,[ a . I  + 2150 0 + a 'M ( o ) ]  = -.n»'D„ (57)
We have seen  f o r  th e  cX> — 0 ( l )  c a l c u l a t i o n  t h a t  a^ + 2P^+c?M ( -^r ) > 0 
w hich i s  th e  l o c a l  s t a b i l i t y  c o n d i t io n  f o r  n o n e x is te n c e  o f  th e  m ir r o r  
i n s t a b i l i t y  ( s e e  E q. (^1 ) and A ppend ix 'C ) .  T h is  im p lie s  from E q , ( 5 6 ) 
t h a t :
Do = 0
In  Eq. (57) we a l s o  h a v e :
a *  + 2 ^ otV a s M ( o )  > 0
so  we a re  le d  t o  a  s im i l a r  c o n c lu s io n  t h a t :
D i = O
Thus to  0 ( 5 )  we have th e  r e s u l t  t h a t  th e  plasm a i s  in co m p res­
s i b l e  ( i . e .  V *u = 0) and we can in tro d u c e  a  f lu x  fu n c tio n  f o r  th e  
v e lo c i ty  u .  We d e f in e  in  su ch  a  way t h a t :
\  = e<£etA [ \ Q( r )  -  coses]
l  §  = U .  (5 8 a )
-  S r  *  U e  (5 8 b )
T his i n c o m p r e s s ib i l i t y  c o n d it io n  a l s o  s im p l i f ie s  th e  p e r tu r b e d  
d i s t r i b u t i o n  f u n c t io n ,  Eq, (50) and (5 1 ) ,  and now an e a s i e r  c a l c u l a t i o n
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o f  th e  p e r tu rb e d  p r e s s u r e  a n is o tro p y  y i e l d s :
^ - u ; r ' - [ u ? Q '+ u ; R ' ] £ c o s m } + 0 ( s * )  (59)
We now have  a l l  th e  te rm s n eed ed  to  d e r iv e  a  system  o f  d i f -
2
f e r e n t i a l  e q u a tio n s  f o r  \  t h a t  in  p r i n c i p l e  w i l l  d e te rm in e  v a lu e s  o f  to .
T ak ing  th e  c u r l  o f  th e  f i r s t  o rd e r  momentum equation-, E q. (3 2 ) ,
2 *2
in  o rd e r  t o  e l im in a te  th e  g ra d ie n t  te rm , we have t o  0{ £  o ) :
ie<5co(V*j>u) “ V * [ ( 6 ^ - R - ^ , ) k ] C * 0 ( e * S 3)  (6o)
B efo re  we expand t h i s  e q u a t io n ,  we rem ark  i f  (Pj_ -  P,/ = 0 in
Eq. (6 0 ) ,  t h i s  e q u a tio n  i s  e x a c t ly  t h e  e q u a tio n  one would o b ta in  u s in g
th e  i d e a l  MHD model f o r  t h i s  m ode.^ I f  th e  te rm  [(F .l -  P//
c o n t r ib u te s  t o  Eq. (6o ) th e n  th e  MHD r e s u l t s  w i l l  b e  m o d if ie d . F o r
2 2
t h i s  te rm  t o  c o n t r ib u te  i t  has t o  b e  a t  l e a s t  0 ( e  S ) .  S ince  b o th  
Hi ^   ^ and I t a re  a t  l e a s t  0( 6 ^ 5  ) t h i s  means t h a t  we would n eed  
(P^ -  P t, t o  be e i t h e r  0 ( l )  o r  0 ( 5  ) .  By th e  argum ents g iv e n  a t
th e  end o f  S ec . I l l  ( i . e .  i f  R = 0 th e n  Q = 0) and th e  form  o f  Eq. (5 9 ) ,
i f  (Px -  P(f ) ^ » ^  h a s  an 0 ( 5  ) component th e n  i t  h a s  to  have an 0 ( l )
com ponent. H ence, we a re  le d  t o  th e  c o n c lu s io n  t h a t  f o r  th e  lo n g  
w av e len g th  bumpy t h e t a  p in c h  o n ly  p r e s s u r e  a n i s o t r o p ie s  o f  0 ( l )  w i l l  
y i e l d  r e s u l t s  d i f f e r e n t  from i d e a l  m agnetohydrodynam ics.
U sing th e  f l u x  fu n c tio n  t o  re p la c e  u  i n  Eq. (60) and ex ­
p an d in g  th e  v a r io u s  te rm s  in  th e  z component o f  t h i s  e q u a tio n  le a d s  t o
th e  r e s u l t :
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0 (e’ 6l) : - f ^ [ * " [ ^ « > ,-<i;o.l 21l X r ] + r5t [ ? - “ '-« ;a 'J 2 ’‘lX 0 =
( 61b )
♦ g  b[«fi'. f \  y. ♦ *f b[(A- » ( # -  fV f(l'A -A ')]K 0
w here (TQ = ( l  -  R /a ^ ) . I f  we w r i t e  Eq. (U8 ) in. te rm s  o f  we ge_t:
y, = AXo + o-X, + b \ '
y * *  - c X„ + ( b\ ^  + aX , -
Then a  s im ple  m a n ip u la tio n  r e a d i ly  y i e ld s  th e  r e l a t i o n :
y , ' = y * + + ( k ^ - ^ X o <6lc)
As i n  th e  i d e a l  MHD case  we i n f e r  a  co n tin u o u s  sp ec tru m  by in s p e c t io n  
o f  th e  c o e f f i c i e n t  o f  th e  h ig h e s t  d e r iv a t iv e  o f  Eq. (6lT>), nam ely  th o s e  
v a lu e s  o f  CO su ch  t h a t
«> = ~ j r
S in c e  (S~0 > 0 due t o  E q . (30) t h i s  g e n e r a l iz e d  A lfven  continuum  alw ays 
s ta y s  on th e  s t a b l e  s id e  o f  th e  sp ec tru m . I f  <T Q = 1 ( i . e .  R = 0) th e n  
th e  system  o f e q u a t io n s ,  Eq. ( 6 l ) ,  re d u c e s  t o  th e  MHD r e s u l t  a s  was de­
duced  u s in g  Eq. (6 0 ) .
V. CALCULATION. OF GROWTH RATES
In  t h i s  sec tio n -w e  n u m e ric a lly  so lv e  th e  system  o f  e q u a tio n s ,
2Eq.. ( 6 l ) ,  f o r  u n s ta b le  p o in t-e ig e n v a lu e s  ( Co ) .  To do t h i s  we d ev e lo p ,
6as was done f o r  th e  MHD c a s e , boundary  c o n d itio n s  f o r  a  p lasm a th a t
ex ten d s  t o  a p e r f e c t ly  co n d u ctin g  r i g i d  w a l l .  T h is i s  a  s im p le r  p ro b ­
lem  th a n  th e  one h av in g  a  vacuum betw een th e  p lasm a and th e  w a l l ,  and
in  th e  MHD case  th e  grow th r a t e s  a re  n o t s u b s t a n t i a l l y  a f f e c te d  by th e  
p re sen ce  o f  th e  vacuum re g io n . S ince  Eq. ( 6 l )  resem b les  th e  MHD equa­
t io n s  and we w ish t o  in v e s t ig a te  how th e  MHD growth r a t e s  a re  m o d if ied , 
th e  p lasm a ex ten d in g  t o  th e  w a ll w i l l  be  th e  on ly  case  c o n s id e re d .
A p e r f e c t ly  co n d u ctin g  w a ll  im p lie s  a  f l u x  s u r f a c e ,  so  a t  th e  
w a ll  ( r  = r  ) we p ic k  up th e  boundary c o n d itio n :
T hat i s  u  i s  b o th  p e rp e n d ic u la r  t o  th e  w a ll, and th e  B f i e l d  a t  th e  w a ll .
Expanding Eq, (6 2 ) out in  term s o f  )^  , a ( r ) ,  b ( r ) ,  and c ( r )
we have
The e q u a tio n  f o r  a  f lu x  s u r fa c e  i s  e a s i ly  o b ta in e d  (see  Appendix B) and
r  tu r n s  o u t to  b e :  w
6
0 (6 2 )
rw(r0jH) = re -  5 <*>se*
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■where i s  th e  mean r a d iu s  o f  th e  w a l l .  Expanding X</r w) and  a (r w) 
i n  a- T a y lo r 's  s e r i e s  ab o u t Tq we o b ta in  t o  0 ( 5  ) :
+ [ ( - ^ + ‘ ) X . - ^ " * W ] 4 c o s « J r a r = 0
We i d e n t i f y  th e  second  te rm  as  -y 1  ( s e e  e q u a tio n  b e fo re  Eq.. (6 l c ) )  so 
th e  boundary  c o n d i t io n ,  Eq. (6 2 ) ,  becom es:
X o W = 0  (63)
i j i f o )  = 0  (610
The o th e r  two boundary  c o n d it io n s  a r e  r e g u l a r i t y  a t  r  = 0 .
To o b ta in  th e s e  we c o n s id e r  a sy m p to tic  s o lu t io n s  o f  )£ Q, y ^ ,  and y g 
in  Eq. ( 6 l )  as r  goes t o  z e ro . E xpanding th e  e q u i l ib r iu m  q u a n t i t i e s  
around  th e  o r ig in  we h a v e :
r 1
a ( r )  -  a 0 + O  + * ••• ( 65a)
b M  ~ 0  + b . r  + b z 2T + * "  (65b )
A M  * A 0 + t x r  + ” (65c)
<r0( r )  = cr00 + <re lr  + . ( 65a)
where th e  s u b s c r ip t  i n d i c a t e s  th e  o rd e r  o f  th e  d e r iv a t iv e  t h a t  i s  
e v a lu a te d  a t  r  = 0 , i . e .
AZn /r \
e t c .
a * a M
*  d r r-o
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N otice  t h a t  a^ and b^ a re  b o th  z e r o .  The fo rm er i s  z e ro  b ecau se  ( P ^ 0 ) '
w i l l  be ze ro  a t  th e  o r ig in .  The l a t e r  i s  z e ro  b ecause  V ’B = 0 ,  hence
no m agnetic  c h a rg e .
A sy m p to tic a lly  q # y-^ and yg w i l l  have s o lu t io n s  t h a t  go 
l ik e  a  power o f  r ,  t h a t  i s  th e y  w i l l  have f u n c t io n a l  fo rm :
X o - Q r '  (66a)
‘ C 2 r s (66b)
y a - C 3 r* (66c)
S u b s t i tu t in g  th e s e  and  Eq. (65 ) i n to  Eq,. ( 6 l )  and k e ep in g  th e  lo w e s t 
o rd e r powers o f r  one can d e te rm in e  (q , s ,  t )  and (C^, Cg, C^) up t o  an 
a r b i t r a r y  c o n s ta n t .  The two r e g u l a r  s o lu t io n s  o b ta in e d  i n  t h i s  manner 
a re :
= r"i (67 a.)
mV„,b, + (T o o + 1) A t _rn+i ,
y t  = ------ V 0o(2m *T )---------  r  (6Tb)
*J2 <k0 ( 2 m + l )
(6 7 c)
and :
v _ J. m zfotU -f-mGioAi „m+i t s n , \
^  '  2 (p .to ^ o - tK>a * r ) ( 2 m . l ) r  ( 6 W )
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y t  =  r *  ( 6 j e )
y 2 -  rnrm' 1 (67f )
These a r e  th e  a sy m p to tic  s o lu t io n s  t o  Eq. (6 l)  i f  j ^  0
( r e c a l l  th a t  R = Pj^^  -  P ( i^ t z e ro  o rd e r  p re s s u re  a n is o t r o p y ) .  I f ,
dR Ion th e  o th e r  h a n d , — ■ r _g = 0 th e n  by Eq. (29b) and th e  d e f i n i t i o n  o f  
g-g we have:
A,=0 J  ^,= 0 IP f  |r=o= 0
T h is  m o d if ie s  E qs. (65b) and (6 5 c )  and le a d s  t o  a  new s e t  o f  a sy m p to tic  
s o lu t io n s  which a r e :
^ o = r " 1 (68a)
_ 2rn2 L ~~ (m + 2 )  <Toct J~ m*z
y * " '  r  <68 b >
(68c)
and
V m 2 L + jtV tfooT . - r m*Z ((rR ^
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■where: J = 5 a T “ A 2 and L “ b l( ^ + § ?)
Since i s  s p e c i f ie d  in fo rm a tio n , e i t h e r  th e  f i r s t  s e t ,  Eq. ( 6 7 ) ,  o r 
second s e t ,  Eq. (6 8 ) ,  o f  a sy m p to tic  s o lu t io n s  has t o  he  chosen ap p ro ­
p r i a t e l y  f o r  th e  g iv en  p rob lem .
N ex t, we choose fu n c t io n s  f o r  th e  e q u il ib r iu m  p re s s u re s  and 
th e  d e n s i ty  p r o f i l e  P t( ^ ° ,  p  q ) o r  e q u iv a le n t ly  f o r  (P^0 0 , R, p  q )
to  d e f in e  a l l  th e  o th e r  e q u i l ib r iu m  q u a n t i t i e s .
We make o u r ch o ice  t o  b e  com parable to  p u b lis h e d  r e s u l t s  f o r  
th e  MHD c a s e .^  Thus we choose:
p o  = ( 6 9 )
„OD I
■ £ p e x (7 0 )
2 2 2 2where x  = r  / r  and r  i s  a  le n g th  c h a r a c t e r i s t i c  o f  th e  p lasm a r a d i u s . 
The q u a n t i ty  £  in  Eq. (7 0 ) i s  th e  n o rm a lized  p re s s u re  d e f in e d  a s :
tT ( ° )
R .°°»4-a2
^  m easu res th e  p e n e t r a t io n  o f  th e  m agnetic  f i e l d  i n t o  th e  p lasm a and 
i s  one o f  th e  c h ie f  p a ra m e te rs  c h a r a c te r iz in g  a  p lasm a i n  th e  m agnetized  
s t a t e .
A lso  t o  compare t o  th e  MHD c a s e ,  we l e t  th e  v a lu e  o f  x a t  th e  
w a ll  be  x^ = r Q/ r  = U .2 . U sing E q s. (21) and ( 7 0 ) th e  l im i t i n g  v a lu e s  
o f  R , E q . (3 0 ) ,  becom e:
i B e x'( l - | i e - * )  >R > ( p e < - l )
w hich e x c lu d e s  R from  th e  shaded  re g io n s  in  P ig .  2 .  A lso  in  F ig .  2 a re  
th e  fo u r  R - p r o f i l e s  t h a t  w ere u sed  f o r  co m p u ta tio n . These a r e :




The re a so n s  f o r  th e s e  c h o ic e s  a re  e x p la in e d  in  th e  n e x t  s e c t io n .  K i s  
a  m u l t i p l i c a t i v e  c o n s ta n t  t o  tu r n  R on from  z e ro . I t  sh o u ld  h e  k e p t in  
mind t h a t  when R = 0 th e  n u m e ric a l r e s u l t s  sho u ld  d u p l ic a te  th e  p re v io u s  
MHD r e s u l t s .
t o  n u m e ric a l ly  s o lv e  th e  s e t  o f  o rd in a ry  d i f f e r e n t i a l  e q u a t io n s ,  Eq. ( 6 l ) .
E q u a tio n s  ( 6 9 ) ,  (7 0 ) ,  and (71) a re  u se d  t o  d e te rm in e  th e  e q u il ib r iu m '
q u a n t i t i e s  as shown in  S ec . I I I .  These a re  u sed  t o  c a lc u la te  th e
c o e f f i c i e n t s  in  Eq. ( 6 l ) . E q u a tio n  (6 7 ) i s  u sed  t o  i n i t i a l i z e  th e
dBn u m e ric a l s o lu t io n  d epend ing  on th e  v a lu e  o f  ~  a t  th e  o r ig i n .  The 
2v a lu e  o f  to  i s  th e n  a d ju s te d  to  s a t i s f y  th e  b o u n d ary  c o n d itio n s  a t
2th e  w a l l ,  Eq. (6 3 ) and (6U ). T h is d e te rm in e s  GO f o r  one p a r t i c u l a r
Equation- (1 5 ) h as  a lre a d y  n o rm a lized  th e  p re s s u re s  and m agnetic  f i e l d
T h is  com ple tes  th e  s p e c i f i c a t i o n  o f  a l l  th e  in fo rm a tio n  needed
mode.
The n u m e ric a l s o lu t io n  i s  n o rm a lized  th e  fo llo w in g  way.
MIRROR INSTABILITY
^ F IR E H O S E  in s t a b il it y ^
V / / / / / / / / / / / / / / / / / / / / / / / / / / /
F ig .  2 : P re s s u re  a n is o t ro p y  p r o f i l e s  ( R - p r o f i l e s )  u sed  i n  th e
c a l c u l a t i o n  o f th e  grow th  r a t e s  f o r  th e  cJ = 0 ( c S  ) 
t r a n s v e r s e  modes. The l a b e l s  A, B, C, and D c o r r e s ­
pond t o  E q s . ( 7 1 a ) , (7 1 h ) , (7 1 c ) ,  and (71d) r e s p e c t i v e l y .
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1 2  1 2  to  (P + p* B ) o r e q u iv a le n t ly  t o  th e  v a lu e  o f  —  B bn th e  soar fa c e  o f
th e  p la sm a . We n o rm a liz e  th e  le n g th  s c a le  by  s e t t i n g  r  = 1 in  Eq.. (69)
and ( 7 0 ) .  The d e n s i t y  i s  n o rm a liz e d  by s e t t i n g  ^  = 1 i n  Eq.., (6 9 ) .  These
th r e e  n o rm a liz a t io n s  im ply  t h a t  th e  tim e  s c a le  i s  m easured  i n  u n i t s  o f
the Alfven transit time defined as
, _ f 2  v :0+ i< *r,/z
TA “ f* ' ¥  J
2The n u m e ric a l v a lu e  o f  CO c o n v e r te d  b ack  t o  r e a l  tim e  would th e n  b e :
o r .  - n  _ d)
UJ L"'1 sec* J ” sNS’t-1A
To c a l c u l a t e  £ and  S from  e x p e r im e n ta l d im ensions se e  Appendix B,
VI,- RESULTS M D  CONCLUSIONS
F ig u re s  3 ,  5 ,  and 6 show th e  grow th r a t e  sq u a red  as  a  fu n c ­
t i o n  o f p  f o r  R - p r o f i l e s ,  E qs. (7 1 a ) ,  (T it))*  ( 7 1 c ) ,  and (71cL) r e s p e c ­
t i v e l y  f o r  th e  most u n s ta b le  !{ = 0 ,  m = 1 mode. In  ev ery  c a s e ,  i t  
tu rn e d  o u t ,  t h i s  was th e  mode f o r  w hich had  no n o d es. The f ig u r e s
show th e  e f f e c t  o f  in c r e a s in g  K from  z e ro .
The f i r s t  R - p r o f i l e ,  Eq. ( 7 1 a ) ,  i s  an exam ple o f  in c r e a s in g  
th e  p e rp e n d ic u la r  p re s s u re  compared t o  th e  p a r a l l e l  p r e s s u r e .  As seen  
in  F ig . 3 ,  t h i s  has th e  e f f e c t  o f  r a p id ly  in c r e a s in g  th e  grow th r a t e .  
T h is  mode seems s e n s i t i v e  t o  th e  m ir ro r  i n s t a b i l i t y .
The second R - p r o f i l e ,  Eq. (7 1 b ) ,  r e p r e s e n ts  a  p lasm a t h a t  h as  
an enhanced p a r a l l e l  p r e s s u r e .  T h is  p r o f i l e  te n d s  t o  s t a b i l i z e  th e  
p lasm a as se e n  in  F ig .  It.
The t h i r d  R - p r o f i l e ,  Eq. (7 1 c ) ,  was c o n s id e re d  b e ca u se  i t  has 
n o n -z e ro  s lo p e  a t  th e  o r ig in  and d i f f e r e n t  a sy m p to tic s  a re  needed as 
in d ic a te d  i n  th e  l a s t  s e c t i o n .  Even though  d i f f e r e n t  a sy m p to tic s  w ere 
u s e d ,  as K 0 th e  grow th r a t e  w ent o v e r to  th e  MHD r e s u l t  (s e e  F ig .  5)* 
T h is  p r o f i l e  a l s o  red u ced  th e  grow th r a t e  o f  th e  p la sm a , s u p p o r t in g  th e  
c o n je c tu re  from  F ig .  U t h a t  in c re a s e d  p a r a l l e l  p r e s s u r e  has a  s t a b i l i z ­
in g  e f f e c t .
The f i n a l  R - p r o f i l e ,  Eq. (71<l) in d ic a te s  a  p lasm a t h a t  h as  an 
o u te r  r in g  o f  enhanced  p a r a l l e l  p r e s s u r e .  As F ig .  6 sh o w s ,„t h i s  makes 
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F ig . 3 : Growth r& te
sq u a re d  ( - h ) 2 ) v e r s u s  
f o r  a  p lasm a w ith  
enhanced  p e rp e n d ic u la r  
p r e s s u r e ,  Eq. (7 1 a ) .
K i s  a  m u l t i p l i c a t i v e  
c o n s ta n t  t h a t  a d j u s t s  
th e  d e g re e  o f  p r e s s u r e  
a n i s o t r o p y .
F ig . U: Growth r a t e
s q u a re d  ( -u )^ )  v e r s u s  
f o r  a  p lasm a w ith  
en h an ced  p a r a l l e l  p r e s ­
s u r e ,  E q . (7 1 h ) . K i s  
a m u l t i p l i c a t i v e  c o n s ta n t  
t h a t  a d ju s t s  th e  d e g re e  
o f  p i 'e s s u re  a n is o t r o p y .












F i e .  5 : G ro v th  r a te  
squared  ( - t o 2 ) v e rsu s  
fo r  a  p la sm a  w ith  
enhanced p a r a l l e l  p r e s ­
su re  w here R '( 0 ) ^ 0 ,
Eq. (7 1 c ) .  K- i s  a m ul­
t i p l i c a t i v e  c o n s ta n t 
th a t  a d j u s t s  th e  d e g re e  
o f p r e s s u r e  a n is o t ro p y .
F ig .  6 : Grovth rate
squared C-^^) versus 
for a plasma w ith  
a ring of enhanced 
parallel pressure,
Eq. (71d) . K i s  a m ul­
t i p l i c a t i v e  c o n s ta n t 
th a t  a d j u s t s  th e  d e g re e  
o f  p r e s s u r e  a n is o t ro p y .
ko
As an in d ic a t io n  o f  why th e  f i r s t  R - p r o f i l e  i s  more u n s ta b le  
th a n  th e  second  we can r e f e r  to  F ig .  7 which- p lo t s  th e  e q u i l ib r iu m  quan­
t i t i e s  c ( r )  and b ( r )  f o r  th e s e  two p r o f i l e s ,  f o r  th e  p a ram ete r v a lu e s  
P  ~ .3 and K = .8 .  The r a d i a l  m ag n etic  f i e l d ,  b ( r ) ,  i s  re d u c ed  f o r  
th e  second  R - p r o f i l e ,  Eq, (7 1 b ) , i n d i c a t in g  a  r e d u c t io n  in  th e  e q u i l i b ­
riu m  c u rv a tu re  (s e e  Eq. ( l 6 ) } .  On th e  o th e r  h a n d , th e  f i r s t  R -p ro f ile -  
in c re a s e s  b ( r )  th u s  in c r e a s e s  th e  c u r v a tu r e .  In  g e n e r a l ,  th e  g r e a te r  
th e  outw ard c u rv a tu re  th e  l e s s  s t a b l e  th e  p la sm a.
The 0 ( £ )  B f i e l d ,  c ( r ) ,  i s  a l s o  shown t o  be l a r g e r  a t  th e  
o r ig in  f o r  th e  f i r s t  R - p r o f i l e ,  and re d u c e d  f o r  th e  seco n d . An in c re a s e  
i n  c ( r )  le a d s  t o  an in c r e a s e  in  th e  m ag n e tic  m ir ro r  fo r c e  ( i . e .  -  *
A
~/jl\ (J • V )B) a lo n g  th e  f i e l d  l i n e s  in s id e  th e  p la sm a . In  f a c t  from  th e  
e q u i l ib r iu m  r e l a t i o n s ,  Eq, (2 9 b ) , t h i s  fo r c e  can be w r i t t e n :
A Q.P°°
-yu(p-V )B=--/iAe(£sine2.= ^ p 00- R  ( 7 2 )
As a  p r e s s u r e  a n is o tro p y  p r o f i l e  l i k e  t h e  f i r s t  R - p r o f i l e  te n d s  tow ard  
th e  m ir ro r  i n s t a b i l i t y  r e g io n ,  t h i s  fo r c e  w i l l  te n d  t o  i n f i n i t y  due t o  
th e  den o m in a to r in  Eq. (7 2 ) .  T his s u p p o r ts  th e  c o n je c tu re  t h a t  th e  
f i r s t  R - p r o f i l e  i s  s e n s i t i v e  to  th e  m ir ro r  i n s t a b i l i t y .
In  g e n e ra l  th e n ,  t h i s  work h a s  s tu d ie d  th e  e f f e c t s  o f  f i n i t e  
p re s s u re  a n is o t ro p y  in  a  GCP s t a b i l i t y  a n a ly s i s  o f  a  bumpy t h e t a  p in c h . 
The r e s u l t s  o f  t h i s  w ork w ere th e n  com pared t o  s i m i l a r  MHD c a lc u la t io n s .*  
The main c o n c lu s io n  i s  t h a t  in  o rd e r  t o  m odify  th e  MHD grow th r a t e s  o f  
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F ig .  7 :  E f f e c ts  c f  p r e s s u r e  a n is o t ro p y  on th e  e q u i l ib r iu m  m ag n etic
f i e l d .  The a  p r o f i l e  c o rre sp o n d s  t o  enhanced  p e rp e n d ic u la r  
p r e s s u r e ,  Eq. (7 1 a ) .  The B p r o f i l e  c o rre sp o n d s  t o  enhanced  
p a r a l l e l  p r e s s u r e ,  E q. (7 1 b ) . Both a r e  f o r  th e  c a s e  (3 = 0 .5  
and K = 0 .8 .
1*1
• A profile
—  B profile




P ig .  7 - E f fe c ts  o f  p re s s u re  a n is o tro p y  on th e  e q u il ib r iu m  m agnetic  
f i e l d .  The a p r o f i l e  co rresp o n d s t o  enhanced  p e rp e n d ic u la r  
p r e s s u r e ,  Eg. (7 1 a ) . The B p r o f i l e  co rre sp o n d s  t o  enhanced 
p a r a l l e l  p r e s s u r e ,  Eq. (7 1 h ) . Both a re  f o r  th e  case  (3 = 0 .5  
and K = 0 .8 .
1*2
f i n i t e  o rd e r  a re  need ed . T h is su p p o rts  W e itz n e r 's  r e s u l t  th a t  r e p o r te d
no d i f f e r e n c e  from MHD grow th r a t e s  f o r  a  h e l i c a l  p lasm a w ith  sm a ll
. *  12 p re s s u re  a n iso tro p y .
When th e  p r e s s u r e  an iB o tro p y  i s  o f  f i n i t e  o rd e r ,  i t  has t o
he s p e c i f ie d  in  th e  e q u il ib r iu m  a long  w ith  th e  p e rp e n d ic u la r  p re s s u re
and d e n s i ty  (o n ly  th e  s c a l a r  p re s s u re  and d e n s i ty  have t o  be s p e c i f i e d
in  th e  MHD c a s e ) .  F o r th e  G aussian  p r o f i l e s  chosen i n  Sec. V, th e
n u m erica l s o lu t io n s  show t h a t  i f  th e  p e rp e n d ic u la r  p re s s u re  in c re a s e s
over th e  p a r a l l e l  p r e s s u r e ,  th e  c u rv a tu re  o f  th e  bum piness in c re a s e s
A
and th e  m ir ro r  fo rc e  ( - (  j5* V )B) i n s id e  th e  p lasm a in c re a s e s .  B oth 
th e s e  e f f e c t s  te n d  t o  d e s t a b i l i z e  th e  p lasm a.
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a ppen d ix  a
The GCP K in e t ic  E quation
I .  EQUATION OP MOTION AND INVARIANCE OF THE MAGNETIC MOMENT
We s t a r t  th e  d e r iv a t io n  o f  th e  k in e t i c  e q u a tio n  by c o n s id e r ­
in g  th e  m otion  o f  a  charged  p a r t i c l e  in  an e l e c t r i c  and magnetic, f i e l d .
The eq u a tio n  o f  m otion fo r  such a  charged  p a r t i c l e  i s :
3 r  = U  (A 1)d t
5 F -  b I  * l ( U x B ' )  (a s )
where x i s  th e  p o s i t io n  o f th e  p a r t i c l e ,  U_ th e  v e l o c i t y  o f  th e  p a r t i c l e ,  
e and m th e  charge  and mass o f  th e  p a r t i c l e ,  and E_ and  th e  e l e c t r i c  
and m agnetic  f i e l d s .
V3
I t  i s  w e ll  known t h a t  th e  b a s ic  m otion o f  such  a  p a r t i c l e  i s  
a  h e l i c a l  o r  gyro m otion  about th e  m agnetic f i e l d  l in e s - .  I f  th e  r a d iu s  
o f  t h i s  gyro  m otion  and th e  p e r io d  f o r  one r e v o lu t io n  a re  sm all compared 
to  th e  le n g th  and tim e  s c a le  o f  th e  f i e l d s ,  one can d iv id e  th e  p a r t i c l e
t r a j e c t o r y  i n t o  a  g u id in g  c e n te r  m otion and a  c i r c u l a r  m otion abou t th e
g u id in g  c e n te r .  M a th em atica lly  i t  can be shown t h a t  t h i s  d iv is io n  o f  th e  
t r a j e c t o r y  r e p r e s e n ts  th e  le a d in g  term s o f  an a sy m p to tic  expansion  o f  
th e  ex ac t s o lu t io n  t o  Eq. (A l) and (A2) as th e  fo rm a l expansion  p a ra m e te r  
4? = te n d s  t o  z e ro .^ *  The v a l i d i t y  o f  t h i s  s o lu t io n  depends on c e r t a in
k6
c o n tin u i ty  and boundedness p r o p e r t ie s  o f  th e  q u a n t i t i e s  E_, B, B, and
n(js*E).
T here a re  many e x c e l le n t  d e r iv a t io n s  o f th e  g u id in g  c e n te r  
s o lu t io n  to  Eq. (A1) and (A2) in  th e  l i t e r a t u r e . 1^ We w i l l  p r e s e n t  h e re  
o n ly  th ose  p o in ts  th a t  h e lp  in  th e  u n d e rs ta n d in g  o f  th e  p h y s ic a l m eaning 
o f  th e  a p p ro x im a tio n s .
I n  th e  g u id in g  c e n te r  ap p ro x im atio n  we a re  n o t i n t e r e s t e d  in  
t h e  a c tu a l  gy ro  m otion o f th e  p a r t i c l e ,  b u t  on ly  c o n s id e r  i t s  averag ed  
c o n tr ib u t io n  t o  th e  g u id in g  c e n te r  m o tio n . To do t h i s  a v e rag in g , we 
f i r s t  b reak  U_ i n  Eq. (A2) i n to  p a r t s  p a r a l l e l  and p e rp e n d ic u la r  t o  th e  
m agnetic f i e l d  as fo llo w s :
j f t [ y r + \ 4 ]  = | E  + % f  y x » [ B 0 + ( r ( * y  (A3)
Here we have a n t ic ip a te d  th e  b a s ic  gyro m otion o f  sm a ll ra d iu s  around 
a  B l in e  and have expanded th e  B f i e l d  in  a  T a y lo r 's  s e r i e s  u s in g  a  
co o rd in a te  system  whose o r ig in  moves w ith  th e  g u id in g  c e n te r  m otion as 
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MOTION
F ig .  8 : Gyro m otion o f a  charged  p a r t i c l e  in  a m agnetic  f i e l d .
^7
Bq i s  a  c o n s ta n t f i e l d  which i s  e q u a l to  th e  f i e l d  a t  th e  g u id in g  c e n te r .  
(r_* VQ )B i s  th e  g r a d ie n t  o f  th e  B f i e ld  a t  th e  g u id in g  c e n te r  d o t te d  i n to  
th e  p a r t i c l e  p o s i t io n  v e c to r  i n  th e  lo c a l  g u id in g  c e n te r  c o o rd in a te  sy s ­
tem .
We d e f in e  u  as t h a t  c i r c u la r  m o tio n  th a t  s a t i s f i e s  th e  —gyro
e q u a tio n :
B reak in g  u  ^  i n  E q. (A3) in to :
y i  = y  s i™ + y  ari f t  (a s )
we th e n  have th e  e q u a tio n :
J t  + ydri?i-) = rrj £  + rnfydnPl-^O oj^ii^y^ro^U d^fi.) x(tT-X^B] (a6)
The produce o f  u  x  ( r* \7  )B i n  th e  l a s t  te rm  in  Eq, (A6) c o n ta in s  —gyro  — u —
a  c o n s ta n t te rm  i n  th e  d i r e c t io n  o f  B, and a  c o n s ta n t  term  p lu s  a  h a r ­
m onic term  p e rp e n d ic u la r  to  B. I t  i s  th ese  c o n s ta n t  term s t h a t  feed
b a c k  in to  Eq. (A6) as a  new fo r c e  due to  g ra d ie n ts  in  th e  B f i e l d .  The 
e f f e c t  o f th e  harm onic term  te n d s  to  cancel i t s e l f  out a f t e r  one gyro 
o r b i t .  To c a lc u la te  t h i s  new fo r c e  th e n , we av erag e  over one gy ro  
p e r io d .  The r e s u l t  i s  s u r p r i s in g ly  simple*
M i
S 2rr j rfi [tigyro x ^ C '^ b 1  At = + 0 (jf[^
O "*
i y  .w here /X  - £ -------—-------  i s  th e  m agnetic moment p e r  u n i t  mass o f  th e
p a r t i c l e ,  To th e  same o rd e r we can average E q. (A6) to  o b ta in :
1*8
d t ^ + u ^ )  = - / < V B ' (a t )
w here now: ^  s  ^  + ( v p  + y  if^v)  . V
and th e  p a r t  o f  i e i ^  i n Eq,. (A7) i s  th e  g u id in g  c e n te r  m otion
p e rp e n d ic u la r  to  th e  f i e l d  l in e .  I t  i s  a  p ro p e r ty - o f  t h i s  e q u a tio n  
t h a t  u ^ ^ f t  i s  sim ply  r e l a t e d  to  th e  term s in  Eq. (AT) th a t  a re  p e rp en ­
d ic u la r  to  th e  B f i e l d .  T hat i s  we l e t :
E XB  i f  „ 0  J  / £ v*i a
y  drift- = “ b ^  *  -tl L'vu V B  + J t  ( v P +y d H ft-)Jx p  (a s )
U sing  t h i s  e x p re ss io n  f o r  in  Eq. (AT) we o b ta in  th e  r e s u l t :
P ' f d F ( 4 * « < * « • ) ]  -  N ^ V * 6 ]  (A9)
T h is  shows th a t  th e  s o lu t io n  t o  Eq. (A 8), s a t i s f i e s  th e  p a r t  o f
Eq. (AT) t h a t  i s  p e rp e n d ic u la r  to  th e  B f i e l d .
R ea rran g in g  Eq. (A9) in  th e  form o f  an e q u a tio n  o f  m o tio n , we
have
i t  “ + (Aio)
E q u a tio n s  (A8) and (AIO) g iv e  th e  m otion o f  th e  g u id in g  c e n te r  and con­
t a i n  on ly  th e  averaged e f f e c t s  o f  th e  gyro m otion th ro u g h  th e  m agnetic  
moment j x  .
11I t  i s  a ls o  w e ll  known t h a t  th e  m agnetic  moment i s  an a d ia ­
b a t i c  c o n s ta n t  o f  th e  m o tion . I t  tu r n s  o u t th a t  t o  th e  app rox im ations
used in  d e r iv in g ■ E qs. (A8) and (AIO) JJ. i s  an e x ac t c o n s ta n t o f  th e  
m otion . T his can he shown by c o n s id e r in g  th e  averaged  tim e r a t e  o f  
change o f  th e  gyro m otion energy  ^  V r o 1 2 ^ ‘
From Eq. (A2) we have:
i s i e | 4 -  % v - e
The av erag e  o f  t h i s  e q u a tio n  over a  g y ro  p e r io d  can he shown to  h e :
^  * 2-dt  ^ - G c-I = -/*  + m f y a c / E )  (A ll)
where : u QC = Udr;ft. + VfJ
The q u a n t i ty  ^HgyTO‘^.'^ e s s e n t i a l l y  m easures th e  change o f  th e  E_ f i e l d  
a long  th e  c i r c u l a r  p a th  o f  th e  gyro m o tio n . U sing F a ra d a y 's  law o f  i n ­
d u c tio n  t h i s  i s  e q u a l to  th e  tim e r a t e  o f  change o f  B_ th ro u g h  t h i s  lo o p . 
S p e c i f ic a l ly  we h a v e :
55 f f f )  m = / * 5 F  (A12)
The rem ain in g  two term s in  (A12) can a ls o  he m an ip u la ted  in  
an e q u a lly  s im ple  form u s in g  Eqs. (A8) and (AIO). A f te r  a  good d e a l  o f  
work i t  can he shown:
~ z   ^ - ac-1 + S  Ww- [  ^ C.c.' ^ B 1] (A13)
Combining E qs. (A12) and (A13) i n to  Eq. (A ll)  we have:
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But we a ls o  have from th e  d e f in i t io n  o f  /A :
(A15)
Hence we conclude th a t  th e  tim e  r a t e  o f  change o f  ja i s  z e ro  and th e r e ­
fo re  ja i s  a c o n s ta n t o f  th e  m otion.
th e  q u a n ti ty  B as a  c o n d itio n  fo r  th e  v a l i d i t y  o f  th e  g u id in g  c e n te r  
ap p ro x im a tio n , s in c e  i f  B w ent to  zero  th e  m agnetic  moment 
would go to  i n f i n i t y .
The o th e r  tro ub lesom e q u a n t i ty  in  t h i s  ap p ro x im atio n  scheme 
i s  th e  second te rm  on th e  r i g h t  hand s id e  o f  Eq. (A IO ):
This te rm  r e p re s e n ts  th e  p a r a l l e l  a c c e le r a t io n  o f  th e  p a r t i c l e  a long  
th e  B f i e l d  by th e  e l e c t r i c  f i e l d .  The q u a n t i ty  (e /m ) goes l i k e  th e  
in v e rs e  o f  th e  fo rm al s m a ll expansion  p a ram ete r i f  we d e f in e  B as an 
0 (1 ) q u a n t i ty .  I f  th e  E f i e l d  p a r a l l e l  to  B i s  f i n i t e  t h i s  te rm  w i l l  
in v a l id a te  th e  exp an sio n . T his r a th e r  annoying problem  i s  t r e a t e d  in  
th e  n ex t s e c t io n .
I I .  KINETIC MD FLUID EQUATIONS
cedure to  w r i te  down a  ( c o l l i s i o n l e s s ) k in e t i c  e q u a tio n  t h a t  d e s c r ib e s  
how a c o l le c t io n  o f  a  la r g e  number o f  such  p a r t i c l e s  w i l l  b eh av e . Here 
we a re  i n t e r e s t e d  in  u s in g  Eq. (AIO) as th e  e q u a tio n  o f  m otion o f  a 
f i c t i c i o u s  p a r t i c l e  t h a t  moves w ith  a  v e lo c i ty  v  a lo n g  a  B l i n e ,  and
T h is  i n t e r p r e t a t i o n  o f  ja im m edia te ly  p u ts  a  low er bound on
Once th e  e q u a tio n  o f  m otion i s  known th e r e  i s  a  s ta n d a rd  p r o -
51
th a t  p o s se s s e s  an i n t e r n a l  energy th ro u g h  th e  q u a n t i ty  ja . The B l in e  
i t s e l f  moves w ith  th e  low est o rder d r i : f t  v e lo c i ty  p e rp e n d ic u la r  t o  
i t s e l f ,  nam ely:
E*B
Thus th e  k in e t i c  e q u a tio n  we w i l l  c o n s t r u c t  i s  a  d e s c r ip t io n  o f  a  one 
d im en sio n a l gas c o n s tr a in e d  to  move on m agnetic  l i n e s  o f  fo rc e  whose 
m otion i s  g iv en .
A p p ro p r ia te ly , we c o n s tru c t a  phase space  o f  q u a n t i t i e s  
where ja ta k e s  th e  p la c e  o f  th e  p e rp e n d ic u la r  v e lo c i ty  o f  th e  p a r t i c l e  
th a t  i s  r e l a t e d  t o  i t s  k in e t i c  en erg y . In  t h i s  p h ase  space we c o n s tru c t  
a  p r o b a b i l i ty  d e n s i ty  fu n c tio n  F (x , v ,  JJ. , t )  f o r  each  charge  sp e c ie s
S *
(s  l a b e l s  th e  s p e c ie s )  t h a t  s a t i s f i e s  t h e  c o l l i s i o n l e s s  V lasov  ty p e  
k in e  e q u a tio n :
d t  d t  d t j F s = 0  (a i6 )
where x^ and v^ s ta n d  fo r  th e  p o s i t io n  and  v e lo c i ty  o f  th e  p a r t i c l e  p re ­
d ic te d  by  th e  e q u a tio n  o f  m otion. U sing  th e  phase space  o f  th e s e  p a r­
t i c l e s ,  th e  f a c t  t h a t  ja  i s  a  c o n s ta n t o f  th e  m o tio n , and Eq. (AIO),
Eq. (A16) ’ta k e s  th e  form :
+ ^ = 0  (A17)
I t  i s  im p o r ta n t t o  remember t h a t  u  and B a re  t o  be t r e a t e d  as 
"known" q u a n t i t i e s  in  Eq. (AIT). T his n e c e s s i t a t e s  th e  need f o r  an o th er 
s e t  o f e q u a tio n s  t o  de te rm in e  th e se  q u a n t i t i e s .  We t e n t a t i v e l y  in tro d u c e  
a s e t  t h a t  i s  c lo s e ly  r e l a t e d  to  th e  m ore f a m i l ia r  MHD e q u a tio n s :
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p [ | j f  + ( y +w |J> )'*v](y  + wp.') + V'TT = T * B  (a i8)
5 |  = - ( V x E x) (A19)
V • B = O (A20)
S i . + y x B  -  o  (A2 1 )
T  -  V x B  (A22)
The o n ly  d if f e r e n c e  "between th e s e  eq u a tio n s  and th e  co rre sp o n d in g  MHD 
su b se t i s  th e  in t r o d u c t io n  o f a  te n s o r  p re s s u re .  There can  only be a 
d i f f e r e n c e  in  th e  p re s s u re  p a r a l l e l  and p e rp e n d ic u la r  t o  th e  m agnetic 
f i e l d  s o  th e  p re s s u re  te n s o r  h a s  th e  g e n e ra l  form :
P  - 9,
The q u a n t i t i e s  J> , w, Fx , and can b e  o b ta in e d  from th e  
d i s t r i b u t i o n  fu n c tio n  in  th e  obv ious way:
This e q u a tio n  a ls o  d e f in e s  th e  n o rm a liz a tio n  we u se  fo r  Fg .
These moment d e f in i t i o n  encourage us t o  ta k e  th e  v e lo c i ty  
moments o f  th e  k in e t i c  e q u a tio n . The f i r s t  two moments r e a d i ly  y ie ld  
th e  r e s u l t :
( y = O
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which i s  j u s t  th e  p a r a l l e l  p a r t  o f  Eg., (A l8) and can he s u b tr a c te d  from 
t h i s  e q u a tio n  s in c e  th e  k in e t i c  e q u a tio n  a lre a d y  c o n ta in s  t h i s  in fo rm a­
t io n  .
Two o th e r  moments o f  p h y s ic a l  i n t e r e s t  a re  th e  charge  d e n s ity  
and p a r a l l e l  c u r r e n t :
These q u a n t i t i e s  a re  m u l t ip l ie d  by th e  la rg e  q u a n t i ty  (e /m ) as was th es s
Q A
q u a n ti ty  ^  ji *E) we p re v io u s ly  d is c u s s e d  and w i l l  te n d  to  in v a l id a te  th e  
g u id in g  c e n te r  ap p ro x im a tio n . The. p ro p e r  way around t h i s  d i f f i c u l t y  i s  
t o  p o s tu la te  th e  c o n s t r a i n t s :
C^= O  (A23a)
j  = O (A23b)
The f i r s t  c o n s t r a in t  i s  c o n s is te n t  w ith  Eq. (A22) due to  charge  n e u t r a l ­
i t y .  The second c o n s t r a in t ,  w h ile  b e in g  c o n s is te n t  w ith  E qs. (A l8) 
th ro u g h  (A22) ( i . e . ,  o n ly  th e  p e rp e n d ic u la r  c u r re n t  c o n tr ib u te s  t o  Eq.
A
(A 18)), i t  a ls o  makes (e /m ) ( S * E )  a  f i n i t e  q u a n t i ty .  T his i s  shown
S S * “
by o p e ra tio n  on th e  k in e t i c  e q u a tio n  w ith  th e  o p e ra to r  
The r e s u l t  i s :
(A2l°
where wj:]
T his makes th e  g u id in g  c e n te r  s e t  o f  e q u a tio n s  s e l f - c o n s i s t e n t  w ith  th e
o r i g i n a l  expansion  u se d  t o  o b ta in  th e  e q u a tio n  o f  m otion .
5k
F in a l l y ,  Eq.,. (A 2 l) , w hich i s  th e  eq u a tio n  o f  p e r f e c t  conduc­
t i v i t y ,  o n ly  g iv e s  in fo rm a tio n  about th e  E_ f i e l d  p e rp e n d ic u la r  t o  th e  
m agnetic  f i e l d .  T his i s  c o n s i s te n t  w ith  th e  f a c t  we a re  l e t t i n g ;
E * B
u -
which can e a s i l y  he seen  by s u b s t i t u t i o n .
E q u a tio n s  (A19) and (A 2l) can be combined to  g iv e :
“ V x ( u * B )  (A25)
j
w hich when m an ip u la ted  y ie ld s  th e  r e s u l t :
A
u ' f f  = v ( u - k )  (A26)
A A
where 1$ = ( {J • i s  th e  c u rv a tu re  v e c to r  o f  th e  B l i n e .  This
r e s u l t  i s  c u s to m a rily  s u b s t i t u te d  back  in to  th e  k in e t ic  eq u a tio n ^
Eq. (A 17).
A nother s ta n d a rd  p ro ced u re  which i s  u sed  in  th e  main t e x t  i s  t o
re n o rm a liz e  th e  d i s t r i b u t i o n  fu n c tio n  F t o  b e :s
Thus th ro u g h  a c a lc u la t io n  s im i la r  t o  th e  one in  Eq. (A25) and (A26 ) ,  
th e  new d i s t r i b u t i o n  fu n c tio n  f  s a t i s f i e s  th e  fo llo w in g  e q u a tio n :
i t
APPENDIX B
MHD E q u ilib r iu m
The "bumpy t h e t a  p in ch  geom etry  i s  one w here th e  e q u ilib r iu m  
B f i e l d  has th e  form  in  c y l i n d r i c a l  c o o rd in a te s :
B  ”  [ B r (r ,2 )) w here | B r | <:<| B 2 | (B l)
B ecause th e r e  i s  no © dependence, th e  f i e l d  i s  a x i a l l y  sym m etric .
G iven a  s c a la r  p re s s u re  p r o f i l e  P ,  th e  p ro b lem  i s  t o  c o n s tru c t  
a  B o f  th e  form  o f  Eq. (B l) c o n s i s t e n t  w ith  th e  i d e a l  MHD e q u il ib r iu m  
e q u a tio n s  w hich a re :
V -  B  = 0  (B2)
V P  = ( v * B )  * B  (B3)
E q u a tio n  (B2) and a x i a l  symmetry t e l l  u s  t h a t  th e r e  e x i s t s  a  f lu x  func­
t i o n  ( r , z )  such  t h a t :
D
f  I? = B 2 (B5)
^  ( r , z )  h a s  th e  p ro p e r ty  t h a t  th e  s u r fa c e s  o f  c o n s ta n t  'f' a re  e v e ry ­
w here p a r a l l e l  t o  th e  B s in c e :
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5 6
f i -V f-  b J f + 8 ,55  ■ r (B rBt -E^Sr) = 0
The s ta n d a rd  form o f  th e  f lu x  fu n c tio n  used  in  th e  bumpy 
th e ta  p in ch ^  i s :
f f e )  = j t M  + GoS€Z (B6)
i
which in tro d u c e s  th e  sm all ex p an sio n  p a ram ete rs  £  and & where £ «  5  
g m easures th e  p e r io d ic i ty  o f  th e  bum piness in  th e  f i e l d  l in e s  and 5 
i s  r e l a t e d  to  th e  am plitude  o f  th e  bum piness as shown in  P ig . 1 :
surfaces of 
constant flux ty)
F ig . 1 : F lu x  s u r fa c e s  f o r  th e  Bumpy T heta  P inch
U sing Eq. (B6) in  E qs. (Bh) .and (B5) d e te rm in es  th e  form  o f  
th e  B f i e l d ,  nam ely:
Br  = = G 6 b lr ) s in e z  ( b j )
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" r Zif * r br = a(r,> * <5c(r)coSe2: (b8)
which im m edia te ly  g ives th e  r e l a t i o n
r C ( r )  =■ ^ [ r b(r )J  (B9)
The e q u a tio n  fo r  th e  f lu x  s u rfa c e  can r e a d i ly  he c a lc u la te d  from  
th e  fo rm u la :
d r  d a  
Be = B a
which by u s in g  E qs. (B7) and (B8) can be  r e w r i t t e n :
si
I n te g r a t in g  w ith  r e s p e c t  to  z th e n  g iv e s :
r ( a ^  a ^ ~ ^ ^ COS€£ (B10>
Hence th e  am plitude  o f  th e  bum piness in  a  f lu x  s u r fa c e  o f  mean ra d iu s
• a M r ° ] 
r o 18 5 i r y  •
We now tu r n  our a t t e n t io n  to  Eq. (B 3). The f i r s t  p ro p e r ty  we
n o te  i s  t h a t  P i s  a  fu n c tio n  o f  o n ly  s in c e :
3  . y p  = i  s q
We can expand P( ^  ) around ^ Q( r ) in d ic a t in g  t h a t  P ( r , z )  has th e
fu n c t io n a l  form :
P (r,i )  - P°°(0 + 5P°'M  COS €2: (B ll)
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and P ^  a re  n o t in d ep en d en t fu n c tio n s  s in c e  B1 7  P = 0 im p lie s
b £ ( P “ )  = a P 01 (B1 2 )
Next we can use some v e c to r  i d e n t i t i e s  t o  r e w r i te  Eq.. (B3) in  
th e  fo llo w in g  form :
[ V - p t p ^ K p . i B 1)  -  8 * ( ( B 1 3 )
where B = and [5 = B/B. U sing  E q s. (B 7), (B 8 ), and (BIO) t h i s
e q u a tio n  t o  0( £ 0 & ) i s :
[ ( P 0O+i Q? )  + 5 ( R ° '* a c )  CoS£2^J = O  (B lit)
E q u a tio n  (BlU) can he in te g r a te d  in  r  to  g iv e :
1
i  (b i s ,
P “'(0 + a c  * 1 (sifi)
The 1 /2  and 1 a re  a r b i t r a r i l y  chosen c o n s ta n ts . P h y s ic a l ly  th e y  mean 
we have n o rm a lized  th e  B f i e l d  in  su ch  a way th a t  a t  th e  s u r fa c e  o f  
th e  p lasm a (P = 0) we h av e :
I  £3* = 2 + S c o s e t
The e q u a lib riu m  e q u a tio n s  a re  th e n  Eqs. (B9) ,  (B 15), and (B l6 ) . 
R e w ritte n  u s in g  Eq. (B12) th e y  a r e :
P°°6r\ + 0}  - ^ (BIT)
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+ a c =  1 (b i 8)
r c  = ^ ( r b )  (Bi9 )
Given th e  p re s s u re  p r o f i l e  P ^ ° ( r ) ,  th e  B f i e l d  ( a ,  b ,  and c) 
can now be d e te rm in e d . a ( r )  can be d i r e c t l y  c a lc u la te d  from P ° ^ ( r )  
u s in g  Eq. (B 17). E q u a tio n  (B19) can be s u b s t i t u te d  in to  Eq. (B l8) r e ­
s u l t i n g  in  a  d i f f e r e n t i a l  e q u a tio n  f o r  b ( r ) :
d b  , / 1 d a \ , \
dr  *  Vr  " a d r ) b "  a  '  0  (fi2Q)
The boundary c o n d itio n  f o r  b ( r )  a t  th e  o r ig in  i s :
b(o) = o
s in c e  ^  -B = 0 so th e r e  a re  no so u rces  o r s in k s  f o r  th e  m agnetic  f i e l d .  
E q u a tio n  (B20) can th e n  be in te g r a te d  n u m e ric a lly  and th e  s o lu t io n  used  
in  Eq. (B19) t o  de te rm in e  c ( r ) .
APPENDIX C
W ell Posedness o f  th e  GCP E quations
The te ch n iq u e  f o r  e s t a b l i s h in g  n e c e ssa ry  and s u f f i c i e n t  con­
d i t io n s  fo r  th e  i n i t i a l  v a lu e  p roblem  o f  a  s e t  o f  p a r t i a l  d i f f e r e n t i a l
15e q u a tio n s  to  be w e ll  posed  i s  w e ll  known. By w e ll  posed  we mean t h a t  
th e  s o lu t io n  t o  th e  i n i t i a l  v a lu e  p rob lem  depends c o n tin u o u s ly  on th e  
i n i t i a l  c o n d i t io n s .  E s s e n t i a l l y ,  th e  te ch n iq u e  i s  to  d e te rm in e  t h a t  a l l  
th e  c h a r a c t e r i s t i c s  o f  th e  s e t  o f  p a r t i a l  d i f f e r e n t i a l  e q u a tio n s  a re  
r e a l .  In  p a r t i c u l a r ,  i f  each  te rm  in  th e  s e t  o f  p a r t i a l  d i f f e r e n t i a l  
eq u a tio n s  has p r e c i s e ly  e i t h e r  one space  o r  tim e d e r i v a t i v e ,  an e q u iv a ­
l e n t  p ro ced u re  i s  t o  t e s t  f o r  th e  e x p o n e n tia l  s t a b i l i t y  o f  th e  system  
l in e a r iz e d  about an i n f i n i t e  homogeneous background whose v a lu es  c o r r e s ­
pond t o  l o c a l  v a lu e s  o f th e  g e n e ra l  p roblem  t o  be  c o n s id e re d . In  t h i s  
sen se  th e n ,  w e ll posedness can be v iew ed on as a l o c a l  s t a b i l i t y  co n d i­
t io n  f o r  th e  g e n e ra l  prob lem . An e x c e l le n t  example o f  t h i s  p ro ced u re
16i s  th e  MHD s e t  o f  e q u a t io n s .
The GCP e q u a tio n s  a re  a  s e t  o f  i n t e g r o - d i f f e r e n t i a l  e q u a tio n s
ITand th e  methods fo r  showing w e ll  posed n ess  a re  no t as c l e a r .  Grad 
has shown th a t  th e  c o n d itio n s  fo r  e x p o n e n tia l  s t a b i l i t y  o f  th e  i n f i n i t e l y  
homogeneous g u id in g  c e n te r  p lasm a ( f i r s t  d e r iv e d  by K adish  ) a re  n e c ­
essary . c o n d itio n s  f o r  l o c a l  s t a b i l i t y  i n  th e  g e n e ra l p rob lem . A lthough 
i t  haB n o t been  p ro v en , i t  seems l i k e l y  t h a t  th e  v io l a t i o n  o f  th e  con­
d i t io n s  fo r  l o c a l  s t a b i l i t y  w i l l  r e s u l t  in  th e  g e n e ra l  p roblem  n o t b e in g
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19w e ll p o se d . H ere , we ta k e  t h i s  v ie w p o in t, and d e r iv e  t h e >c o n d itio n s  
fo r  l o c a l  s t a b i l i t y  u s in g  th e  much, s im p le r te ch n iq u e  o f  t e s t i n g  fo r  
e x p o n e n tia l  s t a b i l i t y  o f  th e  i n f i n i t e l y  homogeneous p roblem .
As p re s e n te d  in  S ec . I I  o f  th e  main t e x t ,  th e  GCP eq u a tio n s
a re :
I f  + ( y +v (3 ) - |!  + [e tsT + ( p v ) ( ^ u l - / tB ) +v ( u . i t ) ] ^ s = 0  (C l)
( l - p p ) - [ [ ^ + (L i+ w pyv](u+ w p) + = (V * B } * B  (C2)
^ f - = V ^ ( u x B )  (C3)
■where th e  p re s su re  te n s o r  i s :
V = HI  -
and th e  e f f e c t iv e  e l e c t r i c  f i e l d  i s
and th e  moment d e f in i t io n s  a r e :
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We l i n e a r i z e  'th is  s e t  o f  e q u a tio n s  by  assum ing 
U = ( u , ,  u ,  , 0 )
a ■ p“ +a10
a  ■ a r  * p.M  
% = . c *  f , ' °
where B. and q u a n t i t i e s  w ith  s u p e r s c r ip t  a re  zero  o rd e r  q u a n t i t i e s
th a t  a re  c o n s ta n t in  space and t im e , u  and q u a n t i t i e s  w ith  s u p e r s c r ip t  
^  a re  f i r s t  o rd e r  in  th e  p e r tu r b a t io n  am plitude  and have s p a tia l ,  de­
pendence exp ( i k ' x ) ,  where k = ( k ^ k ^ j k ^ ) .
From th e  s t r u c tu r e  o f  th e  B f i e l d  we have:
B = 8  + 8 a)4
(0 o '1'
I t  i s  th e n  s t r a i g h t  forw ard to  l i n e a r i z e  Eqs. ( C l ) ,  (C2) ,  and ( C3) t o  
o b ta in :
( I t  + M  < f  * ik .B fr u ]  g j  » 0  (05)
Be 5 F  * ? § r 1 * * 3 ?  * ik .< />  -  i l c , ^  = 0  (06a)
-i-
(o t o) ,-*e = — - ( * _L5*>H*A(£"M
d  ^  ^  W V ^ ° ’v }
:n u o j aqq. u i  maqq. aq.-j.iA itbo b a (Xo) V ™  * ( 9 0 )  ‘(So) ’ s^a 9u-nnjojstrB .ii,
(63> 4 P 4Sj 3 ^ m  = ( S ) A =  [ w ] , ?
an *
‘ p s u t j
-ap sx rajojstrejq. aoBXtl'B'I s lHi ’ snuojsuBjq. ao^xclBi 3uxsn j?q suo-jq/Bnba 
paz-pjBau-ji asaqq jo  uiaxqoJd arvpBA xu-jq.TUT 3tW- saxos xxfA aft
( 80 ) ^ d ^ p ^ p j ’ a i  s  < ^ >
:au tjap  ba  aJatpt
6k
.*8? - B A  ■ ^ IKZ (C12a)
0 CD * By (O)
" 2 6 ^ -Bc U^ j  = - T ^ -  , ( C12b)
I B "  -  \ b A  = (012a)
where rr -  1 + R-"<T - I + “752“B7
and we have d iv id e d  th ro u g h  by i k  , s e t  k  = 0 due t o  symmetry in  th e
Z X
xy p la n e ,  and d e f in e d :
4 =- - *  on, i  % s X
The q u a n t i t i e s  on th e  r i g h t  hand s id e  o f  E q s . (CIO),  ( C l l ) ,  and (C12) 
a re  th e  i n i t i a l  d a t a .
F i r s t ,  we w i l l  so lv e  f o r  in  Eq. (CIO) by  u s in g  th e  con­
s t r a i n t s  t h a t  th e  t o t a l  charge  q a lo n g  th e  f i e l d  l i n e s  i s  z e ro  (s e e  
Eq, (CU)) .  D iv id in g  Eq. (CIO) b y  (v -z )  and o p e ra t in g  w ith  th e  o p e ra to r  
we o b ta in :
A- r ( l \  ^  ±_ ____
T  "  B » ik i  (C131
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w here - m
V ( V - 3 : > V >W
9 W  .  « g g
U sing t h i s  e x p re ss io n  f o r  we can r e w r i te  Eq. (CIO) to  o b ta in  a
(1 )fo rm u la  f o r  f  ,namely*
r<i> A w r  i  , v- B- I/*' + c0*>v),d) (ClU)
w here C( , v ,  z) c o n ta in s  i n i t i a l  c o n d itio n s  and th e  e x a c t fc  -ra o f  
t h i s  te rm  w i l l  n o t be im p o rta n t in  th e  sub seq u en t c a lc u la t io n .
N ex t, we s u b s t i t u t e  Eq. ( Clh-) i n t o  Eq. (C8) to  o b ta in  an e x -
A. / .
p re s s io n  fo r  ^ ul> in  Eq. ( C l lb ) .  T his e l im in a te s  in  fa v o r  o f
a ( l )
B , Having done t h i s ,  Eqs. (CIO),  ( C l l ) ,  and (C12) can be w r i t t e n  
in  th e  fo llo w in g  m a tr ix  form:
A ( z , V )  • S(Z:) = f c  J ( 6 )  (C15)
w h e re :
-z 0 A 0 0
0 -2 -1 0 0
f  MWj <rBo? -z o o
0 0 0 -2 -1
0 0 0 ? -2
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S(s) =
~  e f  ' B , (o')
B<1> B?(c*




The g e n e ra l  p ro c e d u re  to  so lv e  Eq. (C15) i s  to  in v e rt t h e  
m a tr ix  A(z ,  \  ) and ta k e  th e  in v e r s e  L aplace tra n s fo rm  o f both s i d e s .
When t h i s  i s  done th e  term s on th e  r i g h t  hand s id e  co n ta in  the  d e te rm in a n t 
o f  A(z ,  \  ) i n  t h e i r  d en o m in a to r. T h is d e te rm in a n t w i l l  be a f i f t h  order 
po lynom ia l in  z . The ro o ts  o f  t h i s  p o ly n o m ia l ( i . e .  those values o f  z 
th a t  make th e  po lynom ia l z e ro ) co rre sp o n d  to  th e  norm al modes o f  t h e  
sy stem . I f  any o f  th e s e  r o o ts  a re  complex th e n  we have e x p o n e n tia l in ­
s t a b i l i t y  .
T h is  d e te rm in a n t i s  e a s i l y  c a lc u la te d  and tu rn s  out to  b e :
( a n
where
D U , V )  -  \
67
The f i r s t  two r o o t s  in  Eq_. (C17) a re  e a s i l y  re c o g n iz e d . For z t o  "be 
r e a l  we must h av e :
<r > o  (ci8)
\ 2The second two r o o t s  come from  th e  zeros o f  D(z ,  A ) .  To an a ly ze  t h i s  
fu n c tio n  we need  t o  im pose v a r io u s  c o n d itio n s  on t o  h an d le  th e
s in g u la r  i n t e g r a l s  (Xq ). c o n ta in e d  in  M(z).
F i r s t , we r e q u i r e  th e  i n t e g r a l s :
to  he c o n tin u o u s ly  d i f f e r e n t i a b l e  in  v . T h is p e rm its  us t o  d e f in e  th e
g
in te g r a l s  ( I qu )» w hich a r e  a n a ly t ic  i n  th e  u p p e r 'h a l f  z p la n e ,  c o n t in ­
uously  up to  th e  r e a l  a x i s . For z on th e  r e a l  a x is  th e se  i n t e g r a l s  a re  
d e fin ed  a s :
(C19)
where P.V.  s ta n d s  f o r  Cauchy p r in c ip a l  v a lu e r
In  g e n e r a l  we c a n n o t co n tin u e  th e s e  i n t e g r a l s  in to  th e  low er
h a l f  z p la n e  so  k  m ust b e  r e s t r i c t e d  to  th e  h a l f  space  k  > 0 , o r z z
k z < 0 . The r e s u l t  o f  e i t h e r  case  i s  e s s e n t i a l l y  th e  same s in c e  i f
2 2 D(z,  X ) i s  z e ro  f o r  some s when k > 0, th e n  by in s p e c tio n  D(z ,  X )z
i s  zero  fo r  - s  when k  < 0 .  Thus f o r  e x p o n e n tia l  s t a b i l i t y  a l l  we needz
g
to  show i s  t h a t  D( z ,  X ) has no zero s  in  th e  upper h a l f  z p la n e  when
k > 0 .z
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The second  c o n d itio n  on f  ^  i s  t h a t  i t  be an even  fu n c tio ns
o f  v ,  s p e c i f i c a l l y  o f  th e  form  » v^)* T h is in tro d u c e s  a  sym-
2
m etry  i n t o  D(z ,  ?\ ) such t h a t :
D(z,XL) = D ; * s ta n d s  f o r  complex co n ju g a te  (C20)
In  a d d i t io n  to  t h i s  p ro p e r ty  i f  we do an a sy m p to tic  ex p an sio n  o f  (lQ n ) 
we can show:
liwi ^ = neQod'iva r^ ec.1 (C21)
1* 1^00 J
U sing th e  in fo rm a tio n  in  E q s . (C20) and (C21) and th e  evenness
(0 )o f f  in  v ,  we can g e t th e  g e n e ra l  id e a  o f how a  s e m ic i r c u la r  re g io n  s





/ ~ / ' y s D(z,X*1) plane
F ig .  9 :  A complex mapping o f  th e  z p la n e  on to  th e  D(z , A1' )  p lan e
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A ll  p o in ts  i n  th e  z p lan e  where | z 1 >> 1 g e t  mapped in to  a
2
sm a ll re g io n  around th e  p o in t  D in  th e  D(z ,  X ) p la n e  due to  Eq. ( C 2 l ) .
2The boundary  o f  th e  re g io n  in  th e  D(z ,  X ) p la n e  i s  sym m etric about
th e  r e a l  a x is  due to  Eq. (C20).  The p o in t  B (z  = 0) in  th e  z p la n e  i s
a  r e a l  number in  th e  D( z ,  X 2 ) p lan e  due to  f  ^  b e in g  an even fu n c tio ns
2o f v . F o r D(z ,  \  ) t o  have a complex ze ro  th e  image o f  th e  s e m ic ir c u la r
2
re g io n  i n  th e  D(z,  X ) p lan e  must c o n ta in  th e  o r ig i n .  W ithout going  
in to  d e t a i l  o f  more complex mappings th a n  we have d e p ic te d  in  F ig . 9». 
i t  can be  shown th a t  a  n e c e s sa ry  c o n d itio n  f o r  D(z ,  X ) t o  have no com­
p le x  z e ro  i s  t h a t
D  ( 0 , V )  < 0  (C22)
2
R e fe r in g  back  to  th e  d e f i n i t i o n  o f  D(z ,  X ) f o r  in e q u a l i ty  (C22) t o
2be true for all X i 0 we must have:
F u rth e rm o re , i f  f  i s  a  fu n c tio n  o f  th e n :s
Z > 5 I o , ( 0 ) = 0
due to  ch arg e  n e u t r a l i t y .  T h is e l im in a te s  one o f  th e  two term s in  M(o),  
Eq.  ( C l 6 ) .  W ritin g  th e  rem ain ing  te rm  ou t we f i n a l l y  have th e  co n d i­
t io n  :
2 p r  * £  + do $  > O (css)
where th e  p r in c ip a l  v a lu e  n o ta t io n  i s  dropped (se e  Eq. (C19)) b ecau se :
70
(°). V
v = X  J 5 ? i  ^  W l )
and so  i s  no lo n g e r  a  p o le .
E q u a tio n s  (Cl8) and (C23) a re  th e  n e c e s sa ry  c o n d itio n s  fo r  
lo c a l  s t a b i l i t y  r e f e r r e d  t o  in  th e  t e x t .
